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ABSTRACT

Isogeometric analysis has gained significant traction over the last decade, but there still do not exist strong methods for
reconstructing trimmed or faceted geometries into models suitable for boundary-fit spline analysis. In this paper, we
integrate new theory and tools from computational geometry into a framework suitable for reconstructing industrially-
relevant models. We demonstrate the efficacy of the framework by reconstructing the chassis of a 1996 Dodge Neon
and using the reconstructed splines as input for isogeometric modal analysis in LS-DYNA.
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1. INTRODUCTION

Isogeometric analysis [1] aims to integrate engineer-
ing design with engineering analysis by employing
the same basis functions used in computer-aided de-
sign (CAD) for computer-aided engineering (CAE).
Leveraging the smooth basis functions of CAD, iso-
geometric techniques give hope to streamline an oth-
erwise labor-intesive design-through-anlaysis process
[2] without approximating the intended design ge-
ometry, like traditional linear and bilinear meshing
techniques. Most CAD models are constructed us-
ing trimmed B-spline and NURBS patches. Though
trim-free tensor-product splines are inherently suitable
for analysis, trimming operations introduce ambigu-
ity between model geometry and topology, complicate
integration, and prevent use of strong connectivity
constraints or strong boundary condition imposition.
Isogeometric models aiming to avoid these shortcom-
ings need to be constructed from a set of trim-free
boundary-aligned splines; to fit into the existing CAD
framework, the splines must additionally be tensor-
product NURBS patches. Such a model defined by a

boundary-conforming set of NURBS patches is a semi-
structured curvilinear quadrilateral mesh.

Generating a well-structured analysis-suitable quadri-
lateral mesh has been the subject of research for
decades. Some of the most promising methods for
computing these meshes on a trimmed model first
compute a feature-aware triangulation of the sur-
face (thus removing topological ambiguities from trim-
ming), after which a quadrilateral mesh is extracted
from the triangulation. Successful techniques for quad
mesh computation include the frame field method,
conformal methods, and techniques using Morse the-
ory. However, to be useful in isogeometric engineer-
ing analysis, the quadrilateral mesh generation process
must meet the following quality criteria:

• Quickly and reliably produces all-quad meshes
• Singular points (interior vertices without four

edges emanating from them or boundary points
without three edges emanating from them) con-
nect with other singular points in short paths
without unnecessary winding

• Meshes align to features



• Computational techniques easily integrate
expert-user information

While conformal and Morse theoretic methods come
with theoretical proofs of reliability, they generally
cannot align to features of engineering surfaces. Con-
versely, frame field methods are fast and feature-
aligned, but often fail to produce all-quadrilateral
meshes. Furthermore, many frame field methods can-
not easily incorporate user input.

In this work, we combine the strengths of confor-
mal techniques with nonlinear parameterization tech-
niques to dependably generate feature-aware meshes
with good connectivity between singular points that
can easily integrate user-defined constraints. We show
the potential of this method by reconstructing the en-
tire body-in-white of a 1996 Dodge Neon [3] from an
unstructured quadrilateral mesh with some triangles
into a set of smooth, boundary and feature-aligned iso-
geometric analysis-suitable bicubic NURBS patches.

2. THEORETICAL FOUNDATIONS

A curvilinear quadrilateral mesh on a surface is equiv-
alent to a quad mesh metric [4], defined as follows:

Definition 2.1. A quad mesh metric on surface S is a
Riemannian metric 〈·, ·〉Q with a finite set of cone sin-
gularities P and an ancillary cross field, CQ, obtained
by parallel transport under 〈·, ·〉Q of a unit cross from
p ∈ S−P to all of S−P , with the following properties:

P1 〈·, ·〉Q is a flat metric, and the total curvature mea-
sure of the singularities obeys the following gen-
eralized Gauss-Bonnet condition:∑
q∈P∩∂S

(
π−θ(q)

)
+

∑
p∈P−∂S

(
2π−θ(p)

)
= 2πχ(S)

(1)
where χ(S) is the surface Euler characteristic,
θ(p) is an interior point p’s contribution to the
Gaussian curvature measure under 〈·, ·〉Q, and
θ(q) is a boundary point q’s contribution to the
geodesic curvature measure under 〈·, ·〉Q.

P2 The holonomy group of S − P under the Levi-
Cevita connection of metric 〈·, ·〉Q is a subgroup
of R = {exp(i kπ

2
, k ∈ Z}.

P3 CQ is boundary-aligned, meaning that an axis of
CQ is locally parallel to ∂S everywhere.

P4 Integral curves of CQ are geodesics of 〈·, ·〉Q.
P5 Integral curves of CQ are of finite length.

For a feature-aligned mesh, the above cross field must
also align to features in a manner similar to P3.

3. COMPUTATIONAL FRAMEWORK

Computationally, a quad mesh metric is represented as
a special immersion of a cut version of a surface into

the plane [5, 6, 7]. Here, we use this fact but motivate
using the quad mesh metric above.

To compute a feature-aligned quadrilateral mesh for a
surface, we take the following three-step approach:

1. Define cone singularities on the mesh (e.g. auto-
matically using [8, 9]),

2. Compute discrete surface Ricci flow [10],
3. Optimize the computed metric for boundary

alignment, feature alignment, and better singu-
larity connectivity using [7, 11].

Figure 1 presents a pictorial depiction of this process
on a beam of the DEVCOM Generic Hull vehicle [12].

Step 1 is used to establish locations of cone singulari-
ties satisfying Equation 1 of P1 and Property P2; the
second step produces a flat metric satisfying Proper-
ties P1, P2, and P4. If cone singularities are placed
well,1 the computed metric will nearly satisfy Property
P3. As a result, the constrained inversion-precluding
optimization of Step 3 will ensure that the metric re-
mains valid and flat, while penalty constraints enforce
the remaining properties. For open shells, connectiv-
ity constraints are semi-automatically deduced using
homotopy theory [13].

4. RESULTS

Figure 1 demonstrates this framework for semi-
automatically computing a trim-free spline reconstruc-
tion of a DEVCOM Generic Hull vehicle beam. The
robustness of the method is demonstrated by rebuild-
ing the body-in-white of a finite element mesh of a
1996 Dodge Neon [3], shown in Figure 2. Analysis-
suitability is shown through isogometric modal analy-
sis of parts in LS-DYNA (see Figure 3).

5. CONCLUSION AND FUTURE WORK

Herein, we presented a theory-based computational
framework that defines an isogeometric analysis-
suitable quadrilateral parameterization on a surface.
The methods are shown to be able to rebuild trimmed
and faceted geometries, and culminate by rebuilding
the chassis of a 1996 Dodge Neon [3] as a set of con-
forming bicubic NURBS patches.

While this theory is well-defined, the current imple-
mentation needs further development for commercial
use (including better code implementation, GUI, etc).
Future work will involve performing an isogeometric
crash analysis of the Neon body-in-white. Addition-
ally, further work will involve a refinement study of

1Our experience shows that cones computed by mini-
mizing a Dirichlet-type energy for a frame field as in [8, 9]
are often well-placed.



Figure 1: The symmetric portion of the trimmed DEVCOM Generic Hull vehicle shown in (a) is converted into a feature-
aware triangulation, whereupon cone singularities are computed in (b). Here, points in red are cone singularities with
valence less than four, points in blue are cones with valence greater than 4, points in green are feature points, points
in grey are normal vertices of the resulting quad layout, curves in gold are feature curves, and green curves are surface
boundaries. Discrete surface Ricci flow is then computed on the surface, and the surface is then cut to a topological disk
with additional cuts to cone singularities and then immersed into the plane in (c). Cuts to cone singularities are shown
in red, while cuts between boundary components are shown in blue. Using a metric-preserving nonlinear optimization,
the immersion is modified into an immersion in (d) that induces the quadrilateral layout on the surface shown in (e).
Here, black lines in (d) correspond to the curvilinear lines in (e). Using this layout, the original trimmed surface of (a) is
reconstructed into the set of bicubic splines shown in (f).



Figure 2: The unstructured finite element Dodge Neon
mesh of [3] (above) is converted to a semi-structured
bicubic set of NURBS splines (below).

the isogometric spline spaces compared to traditional
mesh elements to evaluate the accuracy of each.

References

[1] Hughes T.J.R., Cottrell J.A., Bazilevs Y. “Isoge-
ometric analysis: CAD, finite elements, NURBS,
exact geometry and mesh refinement.” Comput.
Methods Appl. Mech. Engrg., vol. 194, no. 39-41,
4135–4195, 2005

[2] Boggs P.T., Althsuler A., Larzelere A.R., Walsh
E.J., Clay R.L., Hardwick M.F. “DART System

Figure 3: The seventh mode of a reconstructed rear car
floorboard using bicubic NURBS patches is shown.

Analysis.” Report, Sandia National Laboratories,
August 2005

[3] George Washington University. “Finite Element
Model of Dodge Neon.” Tech. rep., George Wash-
ington University, Virginia Campus, 2006

[4] Chen W., Zheng X., Ke J., Lei N., Luo Z., Gu X.
“Quadrilateral Mesh Generation I: Metric Based
Method.” Comput. Methods Appl. Mech. Engrg.,
vol. 356, 652–668, 2019

[5] Bommes D., Zimmer H., Kobbelt L. “Mixed-
integer Quadrangulation.” ACM SIGGRAPH
2009 Papers, SIGGRAPH ’09, pp. 77:1–77:10.
ACM, 2009

[6] Shepherd K.M., Hiemstra R.R., Hughes T.J.R.
“The Quad Layout Immersion: A Mathe-
matically Equivalent Representation of a Sur-
face Quadrilateral Layout.” arXiv preprint
arXiv:2012.09368, 2020

[7] Shepherd K.M., Gu X.D., Hughes T.J.R. “Iso-
geometric model reconstruction of open shells via
Ricci flow and quadrilateral layout-inducing en-
ergies.” Eng. Struct., vol. 252, 113602, 2022

[8] Hiemstra R.R., Shepherd K.M., Johnson M.J.,
Quan L., Hughes T.J.R. “Towards untrimmed
NURBS: CAD embedded reparameterization of
trimmed B-rep geometry using frame-field guided
global parameterization.” Comput. Methods in
Appl. Mech. Engrg., vol. 369, 113227, 2020
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