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ABSTRACT. Primal discontinuous Galerkin methods with interior penalty are
proposed to solve the coupled system of flow and reactive transport in porous
media, which arises from many applications including miscible displacement
and acid stimulated flow. A cut-off operator is introduced in the discontin-
uous Galerkin schemes to treat the coupling of flow and transport and the
coupling of transport and reaction. The uniform positive definitiveness and
the uniform Lipschitz continuity are established for the commonly used disper-
sion/diffusion tensor. Interestingly, the polynomial degrees of approximation
for the flow and the transport equations needs to be in the same order in order
to maintain the convergence of DG applied to the coupled system. Optimal or
nearly optimal convergences for both flow and transport are obtained when the
same polynomial degrees of approximation are chosen for flow and transport.
That is, error estimate in L2(H?') for concentration is optimal in h and nearly
optimal in p with a loss of 1/2; error estimates in semi-L>°(H?!) for pressure
and in L°°(L?) for velocity establish optimality in h and sub-optimality in p
by 1/2; error estimates for concentration jump and pressure jump are optimal
in both h and p.

1. INTRODUCTION

The discontinuous Galerkin (DG) methods [8, 22, 23, 40, 25, 26, 4, 5] have re-
cently gained popularity for many attractive properties. First of all, the DG meth-
ods are locally mass conservative in the element level while most classical Galerkin
finite element methods are not. In addition, they have less numerical diffusion than
most conventional algorithms, thus are likely to offer more accurate solution, es-
pecially for advection-dominated transport problems. These methods are useful in
treating rough coefficient problems and in capturing discontinuities in the solution
due to the nature of employing discontinuous function spaces. The DG methods
can naturally handle inhomogeneous boundary conditions and curved boundaries.
The average of the trace of the fluxes from a DG solution along an element edge is
continuous and can be extended so that a continuous flux is defined over the entire
domain. As a consequence, DG can be easily coupled with conforming methods.
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Furthermore, for smooth flow and transport problems, DG with varying p can yield
nearly exponential convergence rates. For time-dependent problems in particular,
the mass matrices are block diagonal for DG, but not for conforming methods.
This provides a computational advantage, especially if explicit time integrations
are used.

The approximation spaces for DG are localized in each element, which provides
a flexibility allowing for general non-conforming meshes with variable degree of
approximation. This results in a substantially easier h-p adaptive implementation
for DG than for conventional approaches. This flexibility also increases the ef-
ficiency in adaptivities because the unnecessary areas do not need to be refined
in order to maintain conformity of the mesh. Moreover, DG has sharper error
indicators available due to the localized behaviors of DG errors; in other words,
there is less pollution of errors. This leads a more effective adaptivity for DG than
for nonconforming methods. In addition, for time dependent transient problems,
the nonconforming nature of DG allows for a easy and effective mesh modification
dynamically with time. This dynamic adaptivity is crucial for massive transient
problems involving a long simulation time, in particular, for problems where strong
physics occurs in a small part of the domain with a moving location.

From a computer science point of view, the DG methods are easier to implement
than most traditional finite element methods. The trial and test spaces are easier to
construct than conforming methods because they are local. This results a simpler
and more efficient implementation. For instance, DG methods are simpler to im-
plement than two other locally conservative approaches, finite volume methods and
mixed finite element methods. In particular, the implementation of finite volume
methods for high order degree of approximation is substantially more difficult and
less flexible than DG methods. The treatment of full tensor permeability or diffu-
sivity usually demands an expanded form involving more computational efforts for
mixed finite element methods, whereas DG methods naturally treat the full tensor
due to its primal form. Unlike traditional finite element methods, the DG algo-
rithms need only the mesh information about elements and interfaces, but without
the mesh information about edges and vertices. Such a property of space dimension
independence offers a great convenience to implement, test and debug the DG code.
That is, we can rapidly debug and test the DG code in one space dimension, and
then apply the same code to computational intensive three-dimensional problems.
In addition, the simple communication pattern between elements makes DG po-
tentially being well parallelizable, which is a necessity for many massive problems
having excessive memory and CPU time requirements.

Flow and reactive transport are fundamental processes arising in many diver-
sified fields such as petroleum engineering, groundwater hydrology, environmental
engineering, soil mechanics, earth sciences, chemical engineering and biomedical
engineering. Realistic simulations for simultaneous flow, transport and chemical
reaction present significant computational challenges [2, 29, 45, 12, 17, 18, 21, 27,
28, 31, 37, 39, 19, 38, 46, 9, 32, 10, 20, 42], see also [11] and references therein.
Traditional algorithms employ operator-splitting to treat flow, advection, diffusion-
dispersion and chemical reaction sequentially and separately. Godunov [14] and
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characteristics [3, 15] are popular methods for the advection-diffusion subprob-
lem. While the operator splitting approach allows one to employ different algo-
rithms to each subproblem as well as to implement complicated kinetics in a mod-
ular fashion [41, 16, 29], it can result in slow convergence and a loss of accuracy
[37, 41, 16]. DG has recently applied for flow and transport problems in porous me-
dia [43, 34, 24]. Four version of primal DG methods have been developed, namely,
OBB-DG (Oden-Babuska-Baumann [22] DG scheme), NIPG (Non-symmetric Inte-
rior Penalty Galerkin) [24, 26], SIPG (Symmetric Interior Penalty Galerkin) [44, 33]
and ITPG (Incomplete Interior Penalty Galerkin) [13, 33], for solution of flow and
reactive transport problems. Explicit a posteriori error estimates of DG for re-
active transport were studied in [36, 35]. DG for miscible displacement has been
investigated by numerical experiments and was reported to exhibit good numer-
ical performance [23]. However, to the best of our knowledge, the mathematical
analysis on the convergence behavior of DG applied to coupled flow and transport
problems has not been conducted. In this paper, we restrict our attention to the
primal DG methods with interior penalty terms, i.e., NIPG, SIPG and ITPG. The
estimates can be extended for the OBB-DG method.

The paper is organized as follows. In the following section, we describe the mod-
eling equations. The DG schemes and some of their properties are introduced in
section 3. Given the concentration error, the error estimates for the flow problem
are derived in section 4. The error analyses for reactive transport problem are given
in section 5 assuming the velocity error is known. Error estimates for the coupled
system are obtained in section 6 based on the results in previous sections. The last
section concludes with remarks.

2. GOVERNING EQUATIONS

In this paper, we consider coupled flow and reactive transport for a single flowing
phase in porous media. Results for system of multiple species with kinetic reactions
can be derived by similar arguments. For convenience, we will assume  is a
polygonal and bounded domain in Rd(d =1, 2 or 3) with boundary 9Q = T';;, Ul oyt.
Here we denote by 'y, the inflow boundary and T'oy¢ the outflow /no-flow boundary,
ie.

I'n = {#€9Q: u-n<0},
Fout = {x€0Q: u-n>0},

where n denotes the unit outward normal vector to Q2. Let T be the final simulation
time. The classical equations governing the flow and reactive transport in porous
media are as follows.

e Flow equation

(2.1) -V - (K()Vp)=V-u=gq, (z,t) € Qx(0,T],
e Reactive transport equation
0
(2.2) % +V.-(uc—D(u)Ve) = qc"+r(c), (z,t) € Qx(0,T],

e Dispersion/diffusion tensor

(2.3) D(u) =dp I+ |ul {E(u) + o (I—E(u))},
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where the unknowns are p (the pressure in the fluid mixture), u (the Darcy velocity
of the mixture, i.e. the volume of fluid flowing across a unit across-section per unit
time) and ¢ (the concentration of interested species, i.e., amount of species per unit
volume of the fluid mixture). Here, we assume that the conductivity K is a globally
Lipschitz continuous function of ¢, and is uniformly symmetric positive definite and
bounded. The effective porosity ¢ is assumed to be time-independent, uniformly
bounded above and below by positive numbers. The dispersion/diffusion tensor
D(u) has contributions from molecular diffusion and mechanical dispersion, and can
be calculated by equation (2.3), where E(u) is the tensor that projects onto the u
direction, whose (4, j) component is (E(u)),; = %, dy, is the molecular diffusivity
and is assumed to be strictly positive; a; and a; are the longitudinal and transverse
dispersivities, respectively, and are assumed to be nonnegative. The reaction term
r(c) is assumed to be a locally Lipschitz continuous function. The imposed external
total flow rate ¢ is a sum of sources (injection) and sinks (extraction) and is assumed
to be bounded. Concentration ¢* in the source term is the injected concentration
¢y if ¢ > 0 and is the resident concentration c if ¢ < 0.

Flow and reactive transport are two-way coupled here. The velocity from the
flow equation has a direct influence on the advection behavior of transport phe-
nomena. On the other hand, the concentration from the transport equation affects
conductivity, which has a significant influence on the flow pattern. The influence
of conductivity by concentration can occur in many situations. For example, in
miscible displacement, the viscosity is strongly affected by the concentration of
species. The commonly used constitutive relation is the quarter-power mixing rule
p(e) = (cps %% + (1 —c)p, %) ~* In acid stimulated flow, the permeability is
dramatically affected by the reaction between chemical and rock.

We consider the following boundary conditions for this problem.

(2.4) u-n = up (x,t) € 992 x (0,7,
(2.5) (uce—=D(u)Ve)'n = cgu-n (x,t) € Tin x (0,77,
(2.6) (-D(u)Ve) ' n = 0 (x,t) € Tout x (0,77,

where cp is the inflow concentration. The initial concentration is specified in the
following way.

(2.7) e(z,0) = co(x) x € Q.

3. DISCONTINUOUS GALERKIN SCHEME

3.1. Notation. Let &, be a family of non-degenerate quasi-uniform and possibly
non-conforming partitions of €2 composed of triangles or quadrilaterals if d = 2, or
tetrahedra, prisms or hexahedra if d = 3. The non-degeneracy requirement (also
called regularity) is that the element is convex, and that there exists p > 0 such
that if ; is the diameter of E; € &y, then each of the sub-triangles (for d = 2) or
sub-tetrahedra (for d = 3) of element F; contains a ball of radius ph; in its interior.
The quasi-uniformity requirement is that there is 7 > 0 such that h—h] < 7 for all
E € &, where h is the maximum diameter of all elements. We assume no element
crosses the boundaries of T'y,, or I'oyt. The set of all interior edges (for 2 dimensional
domain) or faces (for 3 dimensional domain) for &, are denoted by I',. On each
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edge or face v € I'y, a unit normal vector n, is chosen. The set of all edges or faces
on I'oyy and on Iy, for &), are denoted by I'y, out and I'y, i, respectively, for which
the normal vector n, coincides with the outward unit normal vector.

For s > 0, we define,

(3.1) H*(En) ={9 € L*(Q): ¢|p € H*(E), E€&}.

We now define the average and the jump for ¢ € H*(E), s > 1/2. Let E;, E; €
& and v = 0E; N OE; € I', with n, exterior to F;. Denote

(32 @ = 5 ()l + (ols,)],)-
(3.3) 9] = (@l)l, ~ (4l,)].

Denote the upwind value of concentration c¢*| , as follows:

&= clg, ifu-n,>0
v | dp, ifu-n, <0

The usual Sobolev norm on 2 is denoted by ||-||,,, o [1]. The broken norms are
defined, for positive integer m, as

(3.4) Iz, = > el 5 -
Eeé&y

The discontinuous finite element space is taken to be
(3.5) D, (&) ={p€ L*(Q): ¢l €P.(E), E €&},

where P,.(E) denotes the space of polynomials of (total) degree less than or equal
to 7 on E. Note that we present error estimators in this paper for the local space
P,, but the results also apply to the local space @, (the tensor product of the
polynomial spaces of degree less than or equal to r in each space dimension) because
P.(E) C Q. (E).

The inner product in (L2(Q))d or L?(Q) is indicated by (-,-) and the inner
product in the boundary function space L?(v) is indicated by (-,-),. The norm
(LP(€2))* for a vector-value function is defined as

HuH(LP(Q))d = |||U-|||Lp(sz)7
where || is the standard vector norm defined by |u| = (u - u)l/ ?. For simplicity, the
norms ||+[| p2(q) and ||| 12(q))e are also written as [|-||, for scalar-value and vector-

value functions, respectively. The norm (LP(€2))**? for a matrix-value function is
defined as

1Al gyt = NIl o
where |-, is the matrix 2-norm defined by [|All, = sup,—; [Au|. The cut-off
operator M is defined as

(3.6) M()(@) = min(e(), M),
B u(z) if |u(z)] < M
(3.7) M(u)(z) = {Mu(;p)/|u(33)| if Ju(z)| > M °

where M is a large positive constant. By a straightforward argument, we can show
that the cut-off operator M is uniformly Lipschitz continuous in the following sense.
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Lemma 3.1. (Property of operator M) The cut-off operator M defined as
in equations (3.6) and (3.7) is uniformly Lipschitz continuous with a Lipschitz
constant one, that is,

[M(©) = M)l i) < lle—wll e Ve L¥(Q) Vo € L¥(Q),
M) = M) [ eys < 0= Vil Y€ (L) v e ()"

We use the following hp approximation results, which can be proved using the
techniquesin [6, 7]. Let E € &, ¢ € H*(FE) and hp is the diameter of E. Then there
exists a constant K independent of ¢, r, and hg and a sequence of 2"® € P,.(E),
r=1,2,--- , such that

- o= 5], < KBS ol 0<q<s
. 71
H(b_zhEanE— s—qu ||¢||5,E 0<q—'—% <S7

where g = min(r + 1, s).

We shall also use the following inverse inequalities, which can be derived using
the method in [30]. Let E € &, v € P.(E) and hg is the diameter of E. Then
there exists a constant K independent of v, r and hg, such that

HquHO 0B < K 1T/2 |D U||E, qg>0
(3.9)

[ DTl 5 < KT ID%llg 5 ¢>0.

3.2. Continuous in time scheme. We consider NIPG (the non-symmetric in-
terior penalty Galerkin method), SIPG (the symmetric interior penalty Galerkin
method) and ITPG (the incomplete interior penalty Galerkin method) for the flow
and the transport equations. The three methods for flow and the three schemes
for transport lead to nine different combinations for coupled flow and transport
problems. However, we note that only ITPG for flow is compatible with primal DG
methods for transport in the sense defined in [13].

For flow, we introduce the bilinear form a(p, ¢) and the linear functional I(1)),

a(p,¥;c) = Z/K )Vp -V + Jo fow (P, )

Ee€&y,
_;/mvwm ww;/ OV -0} o],

YETh,out UTh,out ¥ Y

where sgow = —1 for NIPG, sgow = 1 for SIPG and sgow = 0 for IIPG. The interior
penalty term Jo gow (p, 9) for flow is defined as

2.0 ow
Jo,ﬂow(pu 77[]) = Z THOWT”:)H/ [p] [77[]]
Y

YETR

where the penalty parameter o gow is a constant on each edge or face v. We assume
0< 00,flow < O~ flow < Om,flow-
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For transport, we define the bilinear form B(c,w;u) as

(3.10) (¢, w;u)
= Z/ u)Ve —cu) - Vw—/cq_w
E€E, &
-3 [P Te ) 0] - s 3 [ (DT0n
~€eT) veln 77
+ Z /c u-n, (w + Z /Cu'nfyw‘FJO,transp (c,w),
yeTly ’YGFh,,out v

where S¢ransp = —1 for NIPG, Stransp = 1 for SIPG and S¢ransp = 0 for IIPG. The
interior penalty term Jo transp (P, ¢) for transport is defined as

T‘?ranspU'thranSP
JO,transp (Ca ’U}) = Z h— [C] [’LU] ’
y Y

YEL)

where the penalty parameter o (ransp iS & constant on each edge or face . We
assume 0 < 00 transp < O transp <= O, transp- Here q+ is the injection source term

and ¢~ is the extraction source term, i.e.,
¢~ =max(¢,0); ¢~ =min(q,0).

By definition, we have ¢ = ¢+ + ¢~
The linear functional L(w;u,c) is defined as

(3.11) L(w;u,c) = /Qr(/\/l(c))w—&-/ﬂcqurw— Z /cBu-nyw.

YELh,in © 7Y

The continuous in time DG schemes for approximating (2.1)-(2.7) are as follows.
We seek PPC € W1 (0,T; Dy, (€r)) and CPE € W (0,T; Dy....., (En)) sat-
isfying,

(3.12) a (PPC,u; M(CPY)) =1(v) Yo € Dy, (E), Ve (0,7,

DG
(3.13) (aqsgt ,w) + B(CPC w;uM) = L(w;uM, CPY),
Yw € Dy, (En), V€ (0,7,
(314) ((bODGv ’LU) = (¢607 ’LU) ) Yw € DTtransp (Eh) ) t= Oa

where u™ = M(uP%) with the DG velocity uP% defined below.
(3.15) uPY = K (M(CPY)VPPY z€E, E €&,
u’?.n = —{K(M(CPY)VPPY n}

2
+7°ﬁow0%ﬂow / (PDG‘E _ PDG’Q\E)
hy .

xr€vy=0E;NOE;, E;,E; € &, and n exterior to Ej;,
DG

u'“-n = up x €00
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Here, uP¢ is defined at every interior point in each element, but only the normal
velocity component u”% - n is defined on element interfaces and on domain bound-
aries, because this is all the information needed in the DG schemes in the transport
part.

3.3. Some properties of DG. The DG schemes are consistent. That is, the
true solution, if existed and essentially bounded, satisfies the DG schemes. This is
stated in the following lemma, noting that D, ., (En) C H®ew (&), Sfow > % and
D (5}1) C HFwransp (5}1) » Stransp > %

Ttransp

Lemma 3.2. (Consistency) If p, ¢ and u are the solution of (2.1)-(2.7) and are
essentially bounded, then they satisfy

(3.16) a(p,v;c) =1(v) Yo € H*%v (&), Siow > g, vt € (0,77,
(3.17) (%,w) + B(c,w;u) = L(w; u,c)

3
Ve € H (€4)  Stransp > 5 V1 € (0,7]

provided that the constant M for the cut-off operator is sufficiently large.

Proof. Let w € H%=»se (&), Stransp > % and E € &,. Multiplying equation (2.2)
by w|y, and integrating by parts, we have

<%, w>E - /E (uc — D(u)Ve) - Vw + / (uc —D(u)Ve) - nppw

OF
:/ch*w—l—r(c)w (a,t) € Q x (0, .

Summing over all elements in &, noting that the trace of the concentration and
its normal flux are continuous across edges/faces, and applying the boundary con-
ditions, we obtain the result for transport. The result for flow follows by a similar
argument. (|

The element-wise mass conservative property of DG scheme is described as the
following Lemma.

Lemma 3.3. (Local mass balance) The approzimation of the Darcy velocity

satisfies on each element E the following local mass balance property for overall
fluid.

/ uP%
DE\OQ

(3.18) = _/ {KVPP¢ . n}
OE\OQ
7‘2 0~ flo
+ Z flow 7, W/(PDG‘E_ PDG‘Q 7)
\E
YCOE\0R hy v

S
E dENOQ
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The approximation of the concentration satisfies on each element E the following
conservative property for the mass of the species.

DG
/ 8¢O _/ {D(UM)VODG . Il} +/ CDG*uM .n
g Ot DE\0Q oF

72 O~,trans
(319) + Z transph—’%tP/ (ODG|E_ ODG‘Q\F)
v Y

YCOE\ON
:/ CDG*q+/ r (M(CP9)).
E E

Proof. The chemical mass balance relationship given in (3.19) follows from the
DG scheme by fixing an element £ and letting w € Dy, (Ex) with w|, = 1,
w|g\p = 0. The mass balance relationship for overall fluid (3.18) follows from
the DG scheme by fixing an element E and letting v € D, (Ex) with v|, = 1,

O

Vg = 0.

We remark that the OF terms in (3.18) and in (3.19) can be extended to a con-
tinuous flux defined over the entire domain Q2. We also note that the definition of
DG velocity uP% in (3.15) is compatible with the mass balance relationship (3.18).

4. FLOW PROBLEM

Throughout the paper, we denote by K a generic positive constant that is inde-
pendent of h and r, but might depend on the solution of PDE; we denote by € an
fixed positive constant that can be chosen arbitrarily small.

Theorem 4.1. (Error estimate for pressure) Let (u,p,c) be the solution to
(2.1)-(2.7), and assume p € L?(0,T; H*%w(&y,)), u € (L2 (O,T;Hsﬂow_l(é’h)))d
and ¢ € L2 (0,T; Hw=nse (&,)). We further assume that p, Vp, ¢ and Ve are essen-
tially bounded. If the constant M for the cut-off operator and the penalty parameters
are sufficiently large, then there exists a constant K independent of h and r such
that

2
(4.1) HKW(C)V (PPS —p) H (1)
0
2 2fttrans 2 -2
Ttransp DG |2 héHtransp h2Hflow
< K {14+ 575 [le=CP () + K5y K
flow flow transp flow
and
(4.2) Jofow (PPY —p, PPY —p) (t)
r2. . h2Htransp h2Hs10w —2
< K1+ tr;nbp HC_CDGH?) t)+ K PR TT—— + K Gr—
Tfow flow tra;asr;p TﬂowoW

where How = min (Tﬂow + 1; Sﬂow)7 Mtransp = min (rtransp + 175transp); TAow > 17
Slow = 2, Ttransp = 1, Stransp => 2, and 6 = 0 in the cases of conforming meshes
with triangles or tetrahedra. In general cases, 6 = 1.
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Proof. Let p € Dy, () be an interpolant of concentration p such that the hp
result (3.8) holds. Define

g = PDG_pa
(43) 51 = p_§7
¢ = PPO_pogiél

Subtracting the DG scheme equation from the weak formulation, we have for
any w € D, (&),

a(€, v; M(CP)) + a(p, v; M(CPY)) = alp, v;e) = 0.
Splitting ¢ according & = €4 — ¢!, we have

(4.4) a(¢?,v; M(CPY))
= a(p,v;e) = a(p,v; M(CPY)) + (€', v; M(CPY)).
Choosing v = &4, we obtain
(4.5) a(¢t, ¢4 M(CPY))
= a(p,&%¢) — a(p, €5 M(CP)) + ale!, ¢4 M(CPY)).

Let us first consider the left hand side of error equation (4.5).

a(é?, e M(CPY))
= > /EK<M<CDG>W§A-V£A+JO,HOW (€,¢")

Ee&y,
(1t sa) 3 [ {KMEO)VE ) [¢1]
yER VY

The first two terms in above equation is nonnegative, and the third term can be
bounded by

(1+saow) Y [ {KM(CP9))VEN n,} €]

yer, © 7
h H 1 DG a P Krio, A7
< > & (mePe) vern|| 4 2 37 e
Kri . ert 0,0E h ot 0y

1 1 1
< SIKE (M) VER + S oom (€16,

where we have chosen penalty parameter to be sufficiently large such that g gow >
2K. We have,

2a (¢4, €45 M(CPG)Y)
> |IKE (M(CP)) VEA2 + Joow (£74,61) .

Let us bound the right hand side of error equation (4.5). The first two terms
can be written as follows.

a(p,&%;¢) — a(p, &4 M(CPY))
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Ee&y,
=Y [ M) - KME)) Tp-n, ) 6]
st Y [ {(KOM() - KM(EP9) 9¢4 n, )

Noting that |K(M(c)) — K(M(CPY))| < K |c— CPC| and [p] = 0, we have

la(p, &% ¢) — a(p, €4 M(CPY))
K |le—cP4|, [ vet

+KZ</7

E»;UE]':’YEF;L

IN

lo
e= eI+ |
v
K [le = CPO|2 + €| V€22 + edosiow (64,67)
o x e ([, [ f e,
EiUEj:'YEFh TﬂOW Y ‘ Y ’
K|lc— CDGH?) +e HV§AH§ +eJoow (67,67)

+K Z - (/|0_aEi‘2+/ C_anr)

E:UE,=eT,, ' flow

G €]
ok ([ [ - 0l [ [als, - o),
E,UE;=~€T,, flow

i HVf"‘Ho+6JO flow (£7,€7)

= %l [1[e%]])

)

IN

IN

)

IN

h h2utransp 1

T
transp DG
B e Pre— ) / e-¢ ‘

T
flow Ttransp ﬂow E€é&),

DG ||2 A A A i
KHC—C HO—FEHV§ Ho—l—ejo,ﬂow(f € )+K

IN

2 2Stralﬂsp -1
flow'’ transp

transp Z / |C—C| +K transp Z / ‘C_CDG‘2

ﬂow Ecé), ﬂow Eegy,

< K1+ ”anSp lle = CPE||2 + e ||VEA] |2 + o ow (67,6%)
T' 0 0
flow
hQ#t ransp hQ#t ransp
+K + K
2 2s 1 2 2s -2
Tﬂothre:nasr;p Tﬂothr;naSr;p

where ¢ € Dy, (Er) is an interpolant of concentration ¢ such that the hp result
(3.8) holds and on the element interface v = E; N Ej, € is defined as

g, + g,

al, = {er = =2
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The third term in the right hand side of error equation (4.5) can be written as
follows.

a(¢’ & M(CPYY)
. /E K(M(CPE)VE - VEA 1 Jo o (€1,64)

Ecé&),

% [ AKME e ) e
yel, =7

—stow 3 | {KM(CP)Ver n,} [¢]

~eT, VY

Term 77 can be bounded using Cauchy-Schwartz inequality and approximation
result,

Ty < KZ/}V#-V&]
FEe&yp B
< | ver|s+ K| ve|s
2 h2How —2
< e Vely + K=
flow

Term T5 can be bounded using Cauchy-Schwartz inequality for penalty term,

|T2| < 6JD,ﬂoW (§A7§A) + KJO,ﬂow (51751)

h2Hfow—2
A A

< eJofow (€0,67) + K 55—
Tfow

Term T35 can be bounded using approximation results on edge,

h
ITs] < elonon (€61 + K5 D /I{Vé”nw}}2
~eT, VY
J2Hflow —2

IN

A A
6JO,i"loW (5 75 ) +Km
Tflow

Term T4 can be bounded using the inverse inequality,

i< K Y [ vt} (e

'YGF}L v
h 2 k2 2
yer, 7 yeln v
9 h2Hsow —2
S €||V€AHO+KTQS“OW73'

flow
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When the mesh contains only triangles for two space dimensions or tetrahedra for
three space dimensions and is conforming, we can choose a continuous interpolant,
and then terms 75 and T, vanish. Thus we have

4
la(¢",6%,CP9)| <> T
i=1
< EHV§A||§+€JO,HOW (§A7§A)
h2# 0w —2 h2Hiow —2 h2Hf1ow—2
o T T
A2 A (A 2K tlow —2
< ¢ va Ho + €Jo,flow (5 & ) + KTQSﬂOWfo(s’

where 6 = 0 in the cases of conforming meshes with triangles or tetrahedra. In
general cases, § = 1.

Substituting all these inequalities into equation (4.5), we have,

K (M(CP)) VEMZ + Joaow (4, 67)

2
= (1 ¥ ) e = CPCIR + € [[VEA2 + oo (61, 6%)

flow
hzutransp hzutransp h2Hflow -2
R +K .
2 Stransp_l 2 25transp_2 ,,,.2Sflow7276
THow transp THow transp flow

Using the facts +1 < K (M(CP%)) < KI and £I <K (¢) < KI, we have
I (e) VEAIF + Jonow (67,67)

< K <1 + Q) e — P42

flow
J2Htransp h 210w —2
+K 2 2Stransp —2 T.2Sflow727§ ’
TAow transp flow

The theorem follows from approximation results and the triangle inequality. [

Error estimates for velocity follow directly from the results on pressure.

Theorem 4.2. (Error estimate for velocity) Let (u,p,c) be the solution to
(2.1)-(2.7), and assume p € L?(0,T; H*w (&), u € (L2 (O,T;HSfIOW*l(Eh)))d
and ¢ € L2 (0,T; Hswanse (E)). We further assume that p, Vp, ¢ and Ve are essen-

tially bounded. If the constant M for the cut-off operator and the penalty parameters

are sufficiently large, then there exists a constant K independent of h and r such
that

2
(4.6) HuDG _ qu; t) < K (1 + 7};&) HcDG _ CH(2> ()
ow
h]zutransp h2ﬂflow_2
+K 2 2Stransp —2 + K 251w —2—0

rﬁowrtransp TfHow
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and
2

@7 Y [P ny gl (0)

YET

DG 2 DG 2
+ Y (Hu Ei—uHO (t)+Hu ]Ej—uHO (t))
E;NE;=veT}, Y Y
2 2 ) . 3
Tq Ttransp DG 12 h“Htransp h2Hlow
< K (—;L)W —+ h ) HC —C HO (t) + K 2Stransp — 2 ,,‘25flow*4*5’
transp flow

where Uow = min (Tﬂow +1, Sﬂow)7 Mtransp — min (rtransp + 175transp); THow > 1,
Slow = 2, Ttransp = 1, Stransp => 2, and 6 = 0 in the cases of conforming meshes
with triangles or tetrahedra. In general cases, 6 = 1.

Proof. The estimate relation (4.6) follows from Theorem 4.1 and the definition
of DG velocity uP¢ = —K(M(CPY)VPPY at + € E, E € &, To bound

2 5 .
2 e, [uP? n, — u~n,YHO77 (t), we let P € (D, (Ex))" be an 1nteri)olant of
p such that the hp result (3.8) holds. We define i = K(M(CP%))VP in each
element. On the element interface v = E; N E;, U is defined as

. . ulp, + ulp

i, = (a) = e 0

Using the inverse inequality to relate values of u”“ on interfaces with those inside
elements, we have

Z ||uDG ‘n,—u- nv||§,7 (t)

vely
. 2 ~ 2
= Z [uP¢ -, — “'anon (t) + Z -0y —u-n,f, (t)
yeTly yely
e R 9 h 20w —3
< Z Hu 'n'Y_u'n'YHO,'y (t)+KT.2Sflow_3
YET, flow
9 2
= 3 |- {KM(EPE)VPPE n, ) 4 el [pDG] _gon | (1)
vyel'n v 0,y
h2Hflow —3
o
1 DG ~ | DG ~ 2
= 2 Z Hu |Ei_u|Ei o»y(t)+Hu |Ej_u|Ef O’y(t)
E;UE;=v€T}, ’ ’
2 2 2pflow —3
TowPv,flow DG h
+ Z 4owh [P } (t) + Krzsﬂow—3
~ET, Y 0,y flow
7'2 2 ]’L2Hf1c>w_3
< K > / [uPY —4|" + Jo ow (PPY = p, PPY = p) (t) + K
ECE, E Tlow
2
<

F low Z/‘uDG—uy2+K7ﬁﬂ Z/|u—ﬁ|2
h B h B

Eec&y, Ee€é&y
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Do s h2Hiow —3
+Jo,flow (P -p, P o p) ) + K 2510w —3
T
flow
2 2 210w —2
ra DG 2 Ta h
< K 3 [t e
EcE, E flow
Do e h2H 10w —3
+J0,ﬂow (P -p, P - p) (t) + K 2Sflow —3
T
flow
9 2pf10w —3
r Ie 2 G G h _
< K% Z / ‘uD —u| +J0,ﬂow (PD _p7PD _p) (t)+K 25f1ow—4 °
Jorrs E Tfow

Substituting (4.6) and (4.2) into above inequality, we bound the first term in (4.7).
The second term in (4.7) follows by a similar argument. O

5. REACTIVE TRANSPORT PROBLEM

We now state and prove two lemmas for the properties of dispersion/diffusion
tensor, which will be used to prove the error estimates for the transport problem.

Lemma 5.1. (Uniform positive definiteness of D(u) ) Let D(u) defined as
in equation (2.8), where dpy,(x) > 0, ai(xz) > 0 and az(z) > 0 are nonnegative
functions of x € Q. Then

(5.1) D(u)Ve - Ve > (dp 4 min (og, o) |ul]) [Vel? .

In particular, if dp(z) > dms« > 0 uniformly in the domain Q, then D(u) is
uniformly positive definite and for all x € Q, we have,

(5.2) D(u)Ve - Ve > dy, . Ve
Proof. Notice that

D(u)Vce-Ve = d,Ve-Ve+ ul{oE(u) 4+ a; (I —E(u))} Ve- Ve
dm [Ve” + [u] [Ve* ag cos®(8) + |u] |[Ve|” az (1 — cos?(6))
> (dm + min (oq, o) [u]) [Ve|?,

where 6 is the angle between u and Vg, i.e.

u-Ve

)= ———.
os(0) = a7

O

Lemma 5.2. (Uniform Lipschitz continuousness of D(u) ) Let D(u) defined
as in equation (2.3), where, dpm(z) >0, a;(z) > 0 and () > 0 are nonnegative of
domain x € Q, and the dispersivities «; and oy is uniformly bounded, i.e. ay(x) <
af and ay(z) < af. Then

(5.3) ID(u) = D)l p2(qy)axe < kp lu—= vl 120y
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where kp = (4 +3a;)d*? is a fized number (d = 2 or 3 is the dimension of
domain ).

Proof. Notice that

[D(u) - D(v)},

d
= > max |(D(w),; - (D),

d
= max
Za‘zl,---,d

i=1

Ui U4 V; Vs
aidij (July — [v]y) + (a1 — ay) <_ﬂ _ iy, >‘

d d
Wity UV
< Z a i (Jul, — Z a — -2 -
< 30 o (uly = vly) 3 max o= ) (7 - T
i=1 =1
d WiV; ViV
—I—Z_max (al—at)<#— 1J)‘
== d |u|2 |u|2
d ViV; VU
+ - max (al—at)<u— ZJ>'
== d |U-|2 |V|2
< day|luly — |v]y| + 3d [ — aef [u — v,
< (o +3|ly —oy])du—vl,.
Thus,

[D(u) — D(v)l, Vd|D(u) - D(v)|,

<
< (ar+3lar —ar]) &P [a = vl,,
where we have used the property of matrix norm: for any matrix A € R"™*"™,
1
N 1Al < [IAll; < vV lAll; -
The result follows by integration. O

We now present the error estimate for transport problem.

Theorem 5.3. (Error estimate for transport) Let (u,p,c) be the solution to
(2.1)-(2.7), and assume p € L?(0,T; H*%ov (&), u € (L? (O,T;Hsﬂow_l(gh)))d,
c € L*(0,T; How=oer (E)), Oc/Ot € L2 (0,T; How=ne=1(E,)) and co € Hwner=1(Ey,).
We further assume that p, Vp, ¢ and Vc are essentially bounded. If the constant
M for the cut-off operator and the penalty parameters are sufficiently large, then
there exists a constant K independent of h and r such that

5 |VaE-of @+ [ 1Dt @ (e o) Ber

t
—|—/ Jg (C’DG—C,C'DG—C) (r)dr

0
< K OtH\/a(CDG—C)Hz(T)dT'FK/OtHU.—LIDGH(Q)(T)CIT
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/ (H ¢
'I"
transp /0 EmE] vETy,
hQ#transp*Q

2
[ e, - ] (K

T
transp ~vely, Ttransp

2

2
DG
e L LT

where figow = min (Tﬂow +1, Sﬂow) Htransp = min (rtra.nsp +1 Stransp) TAow > 1,
Sfow = 2, Ttransp = 1, Stransp = 2, and 0 = 0 in the cases of conforming meshes

with triangles or tetrahedra. In gemeral cases, § = 1.

Proof. Let ¢ € D, (En) be an interpolant of concentration ¢ such that the hp
result (3.8) holds. Define

5 = CDG_C7
(5.5) ¢ = ¢c-7¢
¢t = oPP-_e=¢+¢l

Subtracting the DG scheme equation from the weak formulation, we have for
any w € DTtransp (gh)a

(%,w) + B (f,w;uM)

= L(w;uM,CDG) — L (w;u,c) + B(c,w;u) —B(c,w;uM) .
Splitting ¢ according & = €4 — ¢!, we have

(5.6)

(3¢£A

A M
) + Bt wu)

= L(w;uM,CDG) — L (w;u,c)+ (ag;f[,w) + B¢ w;u™)

+B(c,w;u) — B (c,w;uM).

Choosing w = ¢4, we obtain

A
<8¢)§ ,€A> —I—B(fA gA M)

(5.7)

— L(gA;uM,CDG)—L(gA;u,C)—I—( ¢§ ,§A>—|—B(§I §A M)
B(c,fA;u)—B(c,gA;uM).

Let us first consider the left hand side of error equation (5.7).
The first term can be written as,

pEA
(%5-e) - 53 v,
The second term of equation (5.7) is,
B(¢4, ¢4 uM)

_ Z/D MygeA . yed Z/gAMng /Qf(gA)z

Eec&y, E€&n

OQ



DG FOR COUPLED FLOW AND REACTIVE TRANSPORT 18

— (1 + Storm) Z /{D Myvet n, } [gA]

YETR
+ Z /gA* n’Y 514} Z /uM tl (§A)2 + JO,transp (§A7§A)
~€ly, Y€l h,out © 7
7
i=1

We usually integrate by parts the advection term at this step if transport is
not coupled with flow [33], which transfers a few terms into nonnegative terms.
However, for transport coupled with flow, we cannot do so because the velocity
here is approximated solution u™ rather than true velocity u. It is easy to see that
terms Ry, R, Rg¢ and Ry are nonnegative. We need to bound terms Rs, R4 and
R5 by Ry + R3+ Rg+ R7. Term R5 can be bounded using the boundedness of uM

IR
< €D? (w) VE +KH¢55AHE'

Term Ry is the term that leads the requirement of sufficient large penalties
for SIPG and ITIPG. It can be bounded using the inverse inequality and the fact
+D(u) <D (uM) < KD (u).

h

2
(5.8) Ry| < —5— HD% uM ng-nH
Kr?ransp E;h ( ) 0,0F

KT2I‘aHS 2
T [l

RISV
1 1 1
< §"|D2 (uM) V§A|"g + §J0,transp (§A7 gA)
1 i 1
< LUDF (W) VEIE + Loy (€167

where we have chosen penalty parameter o transp to be sufficiently large such that
00,transp Z 2K.
Term R5 is bounded by

b
> e o0m + =72 2 1€ la,,

|Rs| <
“‘mﬁp Ecé&y, ~eETy,
< K H\/&AHO + Jo transp (64,674) .
Thus,
B(¢A, ¢4 a)

1,1 1 2
> SID () VEUR + s oransy (61,64) — K| V364

Let us bound the right hand side of error equation (5.7). Noting that u™ - n =
uP% . n = u-n on the domain boundary if the constant M for the cut-off operator
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is sufficiently large, we can write the first two terms as,
L(g%u,CP%) L (% uc) = / (r (M(CPD) =1 (M(e)) &7
Q
Using Lemma 3.1, we have,

2
L(eh w070 (N )| < A+ e

h Htransp

A
< K||v/o¢ H muwmi.

ransp

The third term in the right hand side of of error equation (5.7) can be bounded

as
o)l =l
2t transp —

R e R b R R

transp

v,

The fourth term in the right hand side of of error equation (5.7) is

B(¢", ¢4 u)
- D(uM)ve! . veh ¢hat . vet g &et
poyl > -,
— Z /{D V{I ny} §A — Sform Z /{D V§A n’Y}[ ]
~ery, RISIVA
£ [ e 3 [wnget e ()
~yeT) V€T h,out © 7

= ZTZ
i=1

Terms 77 through 73 can be bounded by using Cauchy-Schwartz inequality and
approximation results,

h2Htransp —2

A

7y < elD? (w) VEM I} + K—— lell?,
transp

A

T < eID¥ () VErE+ Ko GT— —[lel,
transp

T < K VoE|, + K e,

transp

Term T4 can be bounded by hiding in the penalty term and term 75 can be
bounded by using inverse inequalities,

T
T < e [ o, + SRS e a5
~ET), transp Ecé&,
h2u 2
< cJosransp (64,6 + K g ],

transp
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ch 2 Krtrans I
T < o — 3 [Py vet a4 Rl $ e
KTgransp E;h 0,0F h E;hH Han
1 A h Mtransp —2 )
< dD¥ () VENR + K g ]2
transp

The terms T through Tg can be bounded by using Cauchy-Schwartz inequality
and approximation results,

h hzll‘trdnsp

|T6| S 6JO,transp (§Aa€A) + K 2 2Stransp — 1 |||C|||2
transp T'transp
h Hira
< 6JO,transp (§Aa gA) + Kmmcmg,
transp
h AN 2 Tt2ransp hzll«trdnsp 9
T:] < Ky > [ (€") + K5 o |ell}
transp ’Yerh,out Y Ttransp
2 h2ﬂtransp_2
A
< K| Voed| + K s Il
0 Ttransp
|T8| S 6JO,transp (§Aa€A) + K‘]g (51 51)
h2ﬂtransp -2
S 6JO,transp (§Aa gA) + K 2Stransp — 3 |||C|||§
transp

We remark that, in the cases of triangles or tetrahedra, we can choose a continuous
¢ to have Ty = Tg = 0, but this does not help unless we have a sharper bound on
T7.

Noting that [¢] =0, and u™ - n = u - n on the domain boundary if the constant
M for the cut-off operator is sufficiently large, we can write the last two terms in
the right hand side of of error equation (5.7) as

B (e,¢%u) = (05“‘ u'’)

22/ uM)) Ve VA Z/““ ) ver

Ec&y Ecé&y
- [ (D@ - D) ven,} ]
yery, 7
st Y [ {(D(w) = D) Ve m,} o
~eT, Y
+ ¢ (u—uM) . n, [¢*
b [ ¢ tnmw)on e
5
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Noting that |u — uM} < |u — uDG} point-wise if the constant M for the cut-off
operator is sufficiently large, we can bound term S; as

s < K3 [ P -Dw||ve’|
Eeé&y,
< (D (u) VEMF + K | D(u) - D(M)|;
< oD () VA + K [u - u |
< €D* (W) VY + K lu—uPC|2.

Term S5 can be bounded in a similar way as that for Sy:

S < K3 [ Ju-w||ver]

Ee&y,

IN

e|D? (w) VEA2 + K [Ju—uPC|2.

Term S3 can be bounded by using the continuity of dispersion/diffusion tensor
and the penalty term.

s < K3 [ o) - D[]

yeln

< K|,

YETR

> (|pwls, - D

EimE]‘ =~el'y,

O,v)
Y (HuDG

R R e )ZH ]|
E;NE;=~€T}, i 0y Fi o

h DG 2 DG 2
s DU LU PR N P PR

rtransp E:NE;=y€T), 0,y
+€J0,transp (§A7 §A) .

Term Sy vanishes because [¢] = 0. Term S5 can be bounded using penalty terms
and the error of normal velocity on element interfaces.

. HD(u)|Ej — DM

s,

IN

IN

S5 KX [ fum—u o |[6]
yEDR VY
< Ko S [ e el (€.6).

T2
transp ~eTy, vy

Combining all the terms in (5.7), we have,

< veer|| + Ity veri + (sAaé“‘)

< K||Vae | + K m w4 K S uen, w2
ransp ~veTy,
h 2 2
+K I (P e P
Tt2ransp EiNE;—~eTy u E; " 0,y u ’EJ u 0,y
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h2utransp -2
+K

25transp -3
transp

Integrating with respect to time, we have,

[vae [+ [ 0% @y ver i + [ g (%) yar

< HfsA +K/ [vae [ mar + 5 [ a0
2 2
/ (HuDG E»—uH —|—HuDG‘E‘—uH )(T)dT
Ttransp 0 E:NE; ’Yerh ° 0,y J 0,y
hQ#transp*Q
K [ e, P
transp yely, Ttransp
t
< K / Hﬁé/‘H (Pr+ K [ wP} (r)ir

2 2
DG
B uHO,’y + H v ‘Ei B uHO,'y) (T)dT

/ (H ¢
Ttransp 0 E; ﬁE =~ely,
h2utransp -2

L[S w0 [ o

T
transp ~eTy, transp

The theorem follows from approximation results and the triangle inequality. [

6. THE COUPLED SYSTEM OF FLOW AND TRANSPORT

Combining the results developed for the flow and for the transport equations,
we can obtain error estimates for the coupled system.

Theorem 6.1. (Error estimate for transport in the coupled system) Let
(u,p,c) be the solution to (2.1)-(2.7), and assume p € L?(0,T; H*1ov (&), u €
(L2 (0,T; Honw=Y(E4)))", ¢ € L2 (0, T; Hevwwew (&), De/0t € L2 (0, T; Howwnev=L(Ey,))
and co € HSwns»=1(&). We further assume that p, Vp, ¢ and Vc are essen-
tially bounded, and raow s in the same order with riansp (i-€- Tow/Ttransp aNd
Transp/Tfow are bounded). If the constant M for the cut-off operator and the penalty
parameters are sufficiently large, then there exists a constant K independent of h
and r such that

6.1 Ve (cPe -0 D? (u) V (€26 — .
(6.1) Vo ( c) Lo (0.7512) +[Dz (w) vV ( ¢) llz20,7:z2)
- 1/2

</ JO,transp (CDG —C, CDG - C) (T)dT>
0
thlow_l thransp_l
< K Sflow—1—08/2 + K Stransp —3/2

flow transp
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where How — min (Tﬂow + 17 Sﬂow); Htransp — min (rtransp + 175transp); Tow = 17
Sow = 2, Ttransp = 1, Stransp > 2, and 6 = 0 in the cases of conforming meshes
with triangles or tetrahedra. In gemeral cases, § = 1.

Proof. Substituting the DG velocity error bounds (4.6) and (4.7) into the error
estimate for concentration (5.4), we have

[va e =aim+ [ 1Dt v (e o) Br

t
+/ Jg (C’DG—C,C’DG—C) (T)dr
0

t 2 2 t
Tirans 2
t
< K/ Vo (€8 = o) (mar+ K (14 e / |CPE — |2 (7)dr
0 r 0
0 flow 0
h2utransp h2ﬂflow_2 h
+K 2 25transp_2 T25f10w7276 + K',"2
THow transp Aow transp
t 2 2 2pttransp —1 2fifl0w —3
) "fow Ttransp Hc—CDGH2(T)dT+ h i T h=tene
h h 0 25transp_2 ,r.2sflow —4-45
0 transp flow
hQ#transp*Q
+K 25transp_3
transp
2 2 t 2 2[ltrans
T r heHtransp
t
< K1+ ransp + flow \/5 (ODG _ C) (T)dT + K —
7'2 7'2 0 2 2Stransp —2
flow transp 0 "How 'transp
h2H 10w —2 h2Hflow —2 h2Htransp —2
s T s T s
rﬁow rtransprﬂow transp

Using the Gronwall’s inequality, we have the error bound (6.1) for concentration.
O

Remark 6.2. Let us assume that the exact solutions p, u, c are sufficiently smooth
and Transp = Tow. Lheorem 6.1 gives sharp a priori error estimates in the following
senses. The error bound in L? (H?) for concentration is optimal in h and nearly
optimal in p with a loss of power . The L?(L?) error estimate for concentration
jump is optimal in A and in p.

Theorem 6.3. (Error estimate for flow part in the coupled system) Let
(u,p,c) be the solution to (2.1)-(2.7), and assume p € L?(0,T; H%%ow (&), u €
(L2 (07T; Hsflow_l(é'h)))d, c € L%(0,T; Hswanev (£,)), Oc/Ot € L? (O, T; Hstra“sp_l(é’h))
and co € HSwns»=1(E,). We further assume that p, Vp, ¢ and Ve are essen-
tially bounded, and raow s in the same order with riansp (i-€- Tow/Ttransp aNd
Tiransp/Tfow are bounded). If the constant M for the cut-off operator and the penalty
parameters are sufficiently large, then there exists a constant K independent of h
and r such that

92 HK1/2 PDG _ H
(6:2) O (%), i



DG FOR COUPLED FLOW AND REACTIVE TRANSPORT 24

h“flow_l hﬂtransp_l

K
- ,,,,Sflow_l_[s/2 + Stransp_3/2 ’
flow transp

1/2
(6.3) sup  (Joiow (PPG = p, PPG = p))"/
t€(0,T)
JHflow—1 htransp —1

< K K
- Sflow_3/2 + Stransp_3/2
flow transp

(6.4) [ U‘HLOO(O,T;L2)
| Hflow = 1 | Heransp — 1

K
- Stlow —1—06/2 + Stransp —3/2”
TAow transp

where Uow = mMin (Tﬂow + 1a3ﬂow)7 Mtransp — min (rtransp + 175transp); THow > 1,
Sfow = 2, Ttransp = 1, Stransp = 2, and 0 = 0 in the cases of conforming meshes

with triangles or tetrahedra. In gemeral cases, § = 1.

Proof. Taking L* norm with time in (4.1), we have

2
K1/2 pDbG _ H
H @V ( P) L= (0,T;L2)

2 2t rans 2 —2
T . 2 h“Htransp héHflow
transp DG
< K <1 T2 ) Je—C HL°°(O,T;L2) LIRS P S v
flow flow' transp Tflow

Substituting (6.1) into above inequality, we obtain (6.2). Similarly, L> norm of
(4.2) gives

sup JO,ﬂow (PDG - D PDG - p)

te(0,T)
2 2 2 -2
T 2 h Htransp h Hflow
transp DG
< _
< K1+ r2 HC c ||L°°(O,T;L2) +K 2 2Stransp —2 +K 2Sflow —3 °
flow flow' transp Tflow

Substituting (6.1) into above inequality, we obtain (6.3). L° norm of (4.6) gives

DG 2
[ uHLw(o,T;U)
2 2 Yitton —2
Ttransp DG (2 h#Htransp h2Hflow
S K (1 + T2 ) HC B C HLOO(OvT;L2) + K 2 2Stransp —2 2Sflow —2—0 °
flow ans T
flow' transp flow
Substituting (6.1) into above inequality, we obtain (6.4). O

Remark 6.4. Let us assume that the exact solutions p, u, c are sufficiently smooth
and Ttransp = TAow. Lheorem 6.3 gives sharp a priori error estimates in the follow-
ing senses. The semi-L? (H') error bound for pressure is optimal in h and nearly
optimal in p with a loss of power % The L°°(L?) convergence for pressure jump is
optimal in h and in p. Finally, the L*° (LQ) error estimate for velocity establishes
optimality in h and sub-optimality in p by %
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7. DISCUSSION AND CONCLUSION

Three versions of primal discontinuous Galerkin (DG) methods were proposed
to solve coupled flow and reactive transport in porous media. A cut-off operator M
was introduced in the DG schemes in order to achieve convergence. We estimated
the uniform positive definitiveness and the uniform Lipschitz continuity of the well
known established dispersion/diffusion tensor for porous media.

We first studied the flow and the transport parts separately assuming the error
from the other part is known. Then we combined the results from the two parts
to complete the a priori error analysis of the coupled system. We consider the
same mesh for both flow and transport, but the transport part can use a polyno-
mial degree of approximation rransp different from that for the flow part raow. A
set of conditions were proposed for convergence of DG applied to the coupled sys-
tem. Interestingly, the polynomial degrees of approximation spaces for flow and for
transport needs to be in the same order in order to maintain the convergence of DG
applied to the coupled system. That is, Aow/ transp and Firansp/Taow Deed to be
bounded. This excludes unbalance p-version refinement for flow and for transport.
For example, p-version of DG with rqow = r?ransp for the coupled system might not
converge.

If the degree of approximation for the flow part differs from that for the transport
part, the convergence behaviors for the coupled system are controlled by the part
with less degree of approximation. Optimal or nearly optimal convergences for
both flow and transport can be achieved when the same polynomial degrees of
approximation spaces were chosen for flow and transport. Under this condition,
the error bound in L? (H 1) for concentration is optimal in h and nearly optimal
in p with a loss of power % The semi-L? (H 1) error bound for pressure is optimal
in h and nearly optimal in p with a loss of power % The L*° (LQ) error estimate
for velocity establishes optimality in A and sub-optimality in p by % Finally, the
L?(L?) error estimate for concentration jump and the L°(L?) estimate for pressure
jump are optimal in A and in p.
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