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MIXED METHODS FOR TWO-PHASE DARCY-STOKES
MIXTURES OF PARTIALLY MELTED MATERIALS
WITH REGIONS OF ZERO POROSITY™

TODD ARBOGAST!, MARC A. HESSEf, AND ABRAHAM L. TAICHERS

Abstract. The Earth’s mantle (or, e.g., a glacier) involves a deformable solid matrix phase
within which a second phase, a fluid, may form due to melting processes. The system is modeled as
a dual-continuum mixture, with at each point of space the solid matrix being governed by a Stokes
flow and the fluid melt, if it exists, being governed by a Darcy law. This system is mathematically
degenerate when the porosity (volume fraction of fluid) vanishes. Assuming the porosity is given,
we develop a mixed variational framework for the mechanics of the system by carefully scaling the
Darcy variables by powers of the porosity. We prove that the variational problem is well-posed, even
when there are regions of one and two phases. We then develop an accurate mixed finite element
method for solving this Darcy-Stokes system and prove a convergence result. Numerical results are
presented that illustrate and verify the convergence of the method.

Key words. Degenerate Elliptic, Energy Bounds, Mixed Finite Element Method, Mantle Dy-
namics, Glaciers, Mid-Ocean Ridge
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1. Introduction. The goal of this work is to develop mixed finite element meth-
ods for the mechanics part of the equations of mantle dynamics introduced by McKen-
zie [29]. This multi-phase model is based on a mixture of fluid melt and solid matrix,
where both fluid and solid phases are assumed to exist at each point of the spatial
domain 2. The fluid melt velocity obeys Darcy’s law while the deformable “solid” ma-
trix is governed by a highly viscous Stokes equation. The system is coupled through
mass conservation and compaction relations. Together these equations form a dual-
continuum of fluid melt and solid matrix mixed together over the domain 2. A key
quantity is the porosity ¢, which is the volume fraction of fluid melt. It is assumed
to be much smaller than one, but it may be zero in parts of the domain where there
is no fluid melt.

The equations of mantle dynamics have a wide range of applications in Earth
physics [2, 27, 26, 25], such as in modeling mid-ocean ridges, subduction zones, and
hot-spot volcanism, as well as to glacier dynamics [22, 8, 39] and other two-phase flows
in porous media [12, 28, 13, 18]. The physical problem that guides our work is the
modeling of a mid-ocean ridge. Melt is believed to migrate upward until it reaches the
lithospheric “tent” where it then moves toward the ridge within a high porosity band.
Simulation of this physical phenomenon requires confidence in numerical methods to
accurately handle highly heterogeneous porosity and the single-phase to two-phase
transition.
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When coupled with solute transport and thermal evolution, the model transitions
dynamically in time from a non-porous single phase Stokes solid to a two-phase porous
medium. The model is based on mixture theory, and it has the advantage that the free
boundary between the one and two-phase regions need not be determined explicitly
in the numerical approximation. Unfortunately, the disadvantage is that the Darcy
part of the equations is mathematically degenerate in regions where the porosity is
zero, since then there is only the one solid phase, even though the model equations
continue to describe both phases over the entire domain €.

A mixed finite element method (MFEM) is a good candidate for the computa-
tional model of this system. MFEMs have an extensive theory for both Darcy and
Stokes flow. Moreover, velocity fields computed using MFEM are continuous on each
element and have a continuous normal component across element boundaries. This
allows coupling with the transport equations of solute and thermal evolution, since
the velocities unambiguously determine particle trajectories.

At any instant the porosity field ¢(x) is given and the coupled Darcy-Stokes
equations determine the unknown fluid flux or Darcy velocity (relative to the solid)
u, the solid matrix velocity v, and fluid melt and solid matrix pressure potentials gy
and ¢, (see (2.8) below), which give rise to the mixture potential ¢ = ¢gqs + (1 — ¢)gs.
The equations can be written on all of 2 in the form

k 2420
L v =0, (1.1)
Hr
MSV'H‘FL((H_Q) =0 (1.2)
1—-9¢ ’
Vqg—V-a(vs) =—-(1-9)prg, (1.3)
wsV - vg — %(qf —-q) =0, (1.4)
where the deviatoric stress of the mixture & is
6 =06(vs) =2us(1 = ¢)(Dvs — 3V - v,I), (1.5)

wherein Dv, = %(Vvs + Vvl is the symmetric gradient. The model parameters are
assumed to be constant and include the (relative) density difference between the fluid
and the solid matrix p, = py — ps and the fluid and solid viscosities uy and ps, as
well as the gravitational acceleration vector g pointing downwards. For completeness,
the system is derived in detail in the next section, where kg, © € [0,1/2], and other
quantities are defined. Equation (1.1) represents Darcy’s law for an incompressible
fluid, (1.3)—(1.5) is a Stokes system for a highly viscous, compressible material (matrix
plus fluid), and (1.2) plus (1.4) enforces mass conservation.

As we will show later, the Stokes part of the system is well-behaved, but the
Darcy part has difficulties when ¢ vanishes. We will derive stability (also called
energy) estimates in (3.15) that show

lo™ =% ull + [o~/2V - u]| + " 2qs]| < © (1.6)

for some constant C, where || - || is the L?(Q)-norm. These estimates suggest that the
fluid pressure may be unbounded where porosity vanishes. Indeed, the fluid pressure
is no longer a physical variable when there is no fluid, and so it is not possible to
have stability control on gf. Moreover, any numerical method that does not take into
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account the degeneracy of ¢, say by instead imposing a small nonzero porosity ¢g
everywhere, is sure to have a condition number that grows as ¢y — 0. Our numerical
results will show both these issues.

Recently, two of the current authors [5, 4] developed a MFEM and cell-centered
finite difference method for a single Darcy system with a similar degeneracy as appears
in (1.1)-(1.2). The key is to follow the hint in the stability estimates and scale the
fluid pressure and velocity to avoid problems with vanishing porosity. In this paper
we apply this idea to the full set (1.1)—(1.5) of mantle dynamics equations.

In the rest of the paper, we first review McKenzie’s derivation of the equations
for partially molten materials in Section 2. In Section 3 we present several relatively
standard mixed variational formulations of the governing equations (1.1)—(1.5), which
require that the porosity not degenerate to zero. The first is a straightforward mixed
variational formulation of the equations assuming positive porosity everywhere, and it
allows us to derive stability/energy estimates for the pressure potentials and velocities.
We also present two common but inadequate approaches to resolving the problem of
a vanishing porosity. In Section 4, we finally present our scaled formulation which di-
rectly resolves the issue of degenerate porosity. We prove the existence and uniqueness
of a solution to this scaled variational formulation. In Section 5 we define our MFEM
for the numerical approximation of the scaled variational formulation and prove its
stability and convergence. In section 6, we present a modification of the MFEM that
is locally mass conservative. In section 7, we discuss implementation and give a mass
lumping modification that results in a relatively simple solution procedure on rectan-
gular meshes. Numerical results illustrating and evaluating the effects of degenerate
porosity are given in Sections 8-9. We include tests of a one-dimensional compacting
column with various porosity functions, and a two-dimensional test example akin to
a mid ocean ridge. We conclude the paper in Section 10.

2. Governing Equations. In this section, for completeness, we recall briefly
the derivation of the mechanical system (1.1)—(1.5) according to McKenzie [29]. It
is a dual-continuum mixture approach similar to other models of flow in the Earth’s
mantle, see, e.g., [2, 27, 26, 25], where the mixing parameter is the porosity ¢.

For a quantity ¥ having both a part in the fluid and in the solid matrix, define
the mixture variable

U=¢U;+(1-0¢)V;=0,+¢¥,, U, =0T;— T, (2.1)
As the two phases melt or solidify, total mass is conserved according to
op
— + V. -pv=0. 2.2
5 TV PV (2.2)

If we apply the Boussinsq approzimation [36] (constant and equal densities for non-
buoyancy terms), this becomes more simply

V-v=0. (2.3)

In the case of mantle convection, Table 2.1 lists representative values of parame-
ters for the fluid and solid phases. The fluid and solid matrix Reynolds numbers,

_ pf|vf‘a ps‘vs|L <

Ref <1 and Re; = <1,
s
are both very small, where a or L is a characteristic length, |v| is a characteristic

velocity, p is density, and p is the dynamic viscosity. That is, both the rate of
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TABLE 2.1

Representative values of various parameters for the Earth’s mantle. Grain size represents the
average size of a matrix grain around which fluid flows. The ridge spreading rate is the rate at which
ocean floor is spreading at mid-ocean ridges.

Parameter Value or Range
a | Grain size 103 m
L | Matrix length scale 104 to 10° m
|v¢| | Characteristic fluid velocity | 1078 to 1076 m/s
|vs| | Ridge spreading rate 1071 t0 1072 m/s
ko | Permeability constant 1079-107% m?
1s | Solid shear viscosity 10'° Pa-s
py | Fluid viscosity 1 Pa-s
ps | Solid matrix Density 3300 kg/m3
py | Fluid Density 2800 kg/m3
g | Gravity 9.8 m/s?

advection of momentum directly through flow and the rate of change of momentum
are negligible in comparison to momentum diffusion by viscous effects. This leads to
Darcy’s law for fluid flow around matrix “grains,” which is

k0¢2+2®

o (2.4)

u=¢v, =¢(vy—vy) = (Vpr — prg),
where vy and p; are the fluid velocity and pressure, v,, = vy — vy is the relative veloc-
ity, and k(¢) = ko$>T2® is the porosity dependent permeability calculated according
to the standard Kozeny-Carmen relationship [12, 40], simplified for small porosity and
constant grain size, where © is a constant exponent between 0 and 1/2.

The fluid stress is 0y = —pyI and the solid matrix stress is
s = —p I+ s (2DVS — %V . VSI),

where p; is the solid matrix pressure. Conservation of momentum for the mixture
obeys the Stokes equation

6 =—pI+ps(l—¢)(2Dv, — 2V - v,I), (2.5)

where ¢ is the mixture stress. The mixture pressure p depends on the shear deforma-
tion of the solid matrix and the mixture buoyancy of the fluid and matrix.

The mechanical system is closed by relating the solid and fluid pressures through
a compaction relation [35]

(2.7)

where (s = us/¢ is the solid matrix bulk viscosity. That is, the shear viscosity is
taken to be constant while the matrix bulk viscosity is proportional to the inverse of
porosity. This equation can be interpreted as the compressibility of the matrix. If
the solid matrix pressure is larger than the fluid pressure, the matrix volume should
contract (i.e., V-vs <0).
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Introduce the pressure potentials

qf =py —prgz and  qs = ps — prgz, (2.8)

where z is depth and indeed ¢, is defined using the fluid density py. Also let ¢ = ¢
be the mixture potential

qg=q=0¢qr + (1 — ¢)gs = qs + ¢(qr — qs), (2.9)
and note that

1
= — (g —q). 2.1
ar—q 1_(b(qu q) (2.10)
Then (2.4) becomes (1.1) and (2.7) becomes (1.4). Expanding the conservation equa-
tion (2.3) and adding compaction (1.4) leads us to (1.2). Finally, (2.5)—(2.6) can be
manipulated into (1.3) and (1.5).

3. Mixed Variational Formulations and Stability for Positive Porosity.
In this section, we explore variational formulations of the equations that do not deal
explicitly with the possibility that the porosity may vanish. Suppose that the domain
Q) is a bounded, simply connected, Lipschitz domain in R¢, d = 1, 2, or 3, with
outward pointing unit normal vector v. We impose for simplicity of exposition in this
section homogeneous Neumann conditions on the fluid and solid velocity, i.e.,

u-v=0 and v,=0 on 9. (3.1)

Before deriving our weak formulations for (1.1)—(1.5), we review our notation for
the Hilbert spaces wherein solutions can be found. The space L?(Q) consists of all
square integrable, real-valued functions on 2. It is equipped with the inner product

(u,v) = (u,v)q = / uv dx
Q

and associated norm |lu|| = (u,u)'/2. Denote by H'(Q) all square integrable func-
tions with square integrable weak derivatives. This space has the corresponding
norm ||ul|; = {||ul]* + ||Vu|\2}1/2. Let H(div; ) denote all square integrable vector-
valued functions with square integrable weak divergence, and equip it with the norm
i) = {lul® + 1V - wl?}'/*. Note that (H*(@))* € H(div;2) C (LA(@)".

For functions defined on a boundary w, let (-,-)., denote the L?(w) inner product
or duality pairing. We can restrict functions in H'(2) to the boundary 0 using the
trace lemma [1, 24]. The space of these restrictions is H'/2(99) c L?(99), and we
have the bound

[ull1/2,00 < Callull- (3.2)

We leave out a definition of the norm |[jul;/200 as we are only interested in its
existence. A similar lemma holds for functions in H(div;2) [17], and

[u-vl[—1/2,00 < Callullzaiv), (3.3)

where || - [|_1 /2,90 is the norm of the dual space of H'/2(0%).
We also use two Banach spaces. The space L>(Q2) consists of all essentially
bounded functions on € equipped with the essential supremum norm || - || ;s (q). The

space W1°°(Q) consists of the functions in L>°({2) that have weak derivatives also in
L>*(82), and the norm is || - [[y1.c () = || - [lzo () + V() (£ ())e-
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3.1. A standard weak formulation for positive porosity. Define the func-
tion spaces
V, = H(div; ),
V0 = Ho(div; Q) = {v eV,:v-r=0on Fg;s},
Vs = (H' ()7,
Vo = (Hy(Q)*={veV,:v=0on00},
W=W;=L*Q),

Wy = L*(Q)/R = {wEW:/wdaj:O},
Q

each with its natural norm. Our first three weak formulations of equations (1.1)—(1.5)
will ignore the possibility of ¢ vanishing, so we can freely divide by ¢. In practice, we
might approximate ¢ by adding a small positive constant to it.

Standard formulation. Find u € V..o, gf € Wy, v, € V0, and ¢ € Wy such that

(o uw) ~ a1V %) =0 Vi € Voo, (34)

(V- wwp) + (ﬁ(qf —g)uy) =0 Vw; €W, (3.5)

7(% V- "/Je) + (&(VS), V%) = 7((1 - ¢)prg71/)s) v"/)s € Vs,O» (3-6)
¢

(V- vs,w) — (m(qf—q),w) =0 Yw € W. (3.7)

These equations are derived as follows. Multiply through by the coefficient in (1.1),
multiply by the vector test function 1, € V, o, integrate over €2, and use integration
by parts with the boundary condition (3.1) to derive the first equation (3.4). Multiply
(1.2) and (1.4) by wy € Wy and w € Wy, respectively, and integrate to derive (3.5)
and (3.7). Finally, (3.6) comes from (1.3) multiplied by 9, € V, o, integrated, and
integrated by parts (using (3.1)).

3.2. Stability/energy estimates. If porosity is allowed to vanish, the standard
theory for proving existence and uniqueness of a solution to (3.4)—(3.7) breaks down.
However, we can still obtain stability estimates when ¢ > ¢, > 0 and investigate the
behavior of the solution as ¢, approaches zero. We will assume that ¢ < ¢* < 1 in
the analysis, since the model breaks down as ¢ approaches one.

Proceeding formally, assume a solution to (3.4)—(3.7) exists. We begin with an
estimate of (6(vs), Vvs). Using the definition (1.5), this term is

(6(vs), Vvs) = (2us(1 = ¢)(Dvy — £V - v,I), Vv,)

= 20{((1 = @) Dvs, Dvy) — (1 = )V - v, V- vi) }.
We conclude that
(6(vs), Vvs) 2 C|IDv,|%,
for some positive constant C. An application on Korn’s inequality [23, 16] results in

(0(vs), Vvy) > CH'DVSH2 > Cl”"SH% (3.8)
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Testing (3.4)—(3.7) with 9, = u, wy = g5, ¥s = Vs, and w = ¢ and adding the
equations leads to four terms canceling, leaving only

(ggaﬁ 2720y, U) + (ﬁ(‘ﬂ —q),q5 — q) +(0(vs), Vvs)

7((1 - ¢)prgavs)~
The result (3.8) and the elementary inequality ab < ea® + b?/4e give us
I~ = ull + 16"2(a5 — @)l + IVl < ellvsll + Cloyl, (3.9)

for any € > 0 and some constant C' depending on € but not on porosity.
We will assume that —2¢'T®V¢~1/2 = $©~1/2V¢ is bounded, so that

162l fr(ar) < C{ll6~V2u]| + |V - (67 /2u)[|}
é(ﬂﬂ¢1”uH+HV¢1”-uH+Hd*”V~m%
< C{llo™" )| + 116722V - ul| + (|67 /¥ - u }
< C{ll¢7" " Cull + ¢V - ul}. (3.10)
Substituting the test function wy = ¢~'V - u in (3.5) gives

_ B ¢ -
(V-u,¢7'V-u) = —(m((ﬁ —q), ¢ 1V-u>,
and therefore
lo~"/2V || < Cllo* (g5 — ). (3.11)

We recall the inf-sup condition [23, 17, 16, 15] for the Stokes problem. There
exists 75 > 0 such that for any w € Wy = L?(Q)/R,

sup OV P 5, (3.12)

weevoo  1¥slh
Substituting (3.6) into (3.12) shows

la <C Lo W n {16,V )|+ |(1 = ¢)prg.¥s) [} < CIvsli + [or])- (3.13)
Ps€Vs 0 s
For the fluid potential, by the triangle inequality,
16" 2q5 ] < 16" %all + 16"2(a5 = @)l < llall + 6" *(as = @) (3.14)
Combining (3.9)—(3.11) and (3.13)—(3.14), we have the stability estimates
=" Cull + [l /2V - ull + (16" gz || + Vsl + llall < Clprl- (3.15)

The solid matrix potential is bounded by
lgs Il < llgll + ll¢(ar — g1l < llal + 6" arll + ¢*llgsll;

which implies

lasl < C{llall + 1" 2q; 1} (3.16)

We conclude that the two velocities and the solid matrix pressure remain stable, i.e.,
they are bounded, as the porosity approaches zero. However, in this case the fluid
potential may become unbounded. This potential loss of stability is a significant issue
for numerical modeling, since in many cases (such as the mid-ocean ridge application),
we expect a well-defined melted region bounded by regions containing no melt, i.e.,
regions where ¢ = 0.
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3.3. Two alternative weak formulations. One can envision alternatives to
the standard weak formulation (3.4)—(3.7) to avoid dividing by the porosity. A com-
monly used approach, the expanded mixed formulation [7], introduces an auxiliary
velocity variable

VX =-Vg = u= ¢ty (3.17)

In this approach, we use a weak form of this equation and modify (3.4).
Ezpanded formulation. Find u € V,o, vi* € V.o, ¢y € Wy, v, € V0, and
g € Wy such that (3.5)—(3.7) hold as well as

(¢2+29‘~7$X’ ~r) _ <u712)T) =0 V’JJT € Vr707 (318)
(%Oix’ T) = (g7, V-9r) =0 Vo, € Vpp. (3.19)

Alternatively, we could balance the degeneracy by using a square-root scaling of
the coefficient ¢?72© in (1.1) and the corresponding square-root scaling modification
of (1.2), as was done in, e.g., [19]. However, we would still need to divide by ¢ in
a standard approach, so we use the idea in [5] to modify the test function to avoid
division by ¢. To be precise, we replace the Darcy velocity u = ¢v,. by the scaled
relative velocity

k
v, = ¢ v, = f;jsbl*@qu = u=¢"%,. (3.20)

When taking the weak form of this equation we do not divide by ¢'*+®. Rather, ¢'+©
multiplies the test function before we integrate by parts, as in [5].

Symmetry preserving formulation. Find v, € V, o, qf € Wy¢, vy € V, 0, and
q € Wy such that (3.6)—(3.7) hold as well as

(%g{’r/‘)bT) - (Qf7 V- ((;51-5-@’(,07«)) =0 Vi, € V’l‘,07 (321)
(V- (0 %),wy) + (Ms(iqb)(w —q)uy) =0 Vws €Wy, (3.22)

We call this the symmetry preserving formulation, since the degeneracy in ¢ appears in
a symmetric way between (3.21) and (3.22). While it is perhaps somewhat unorthodox
to leave the porosity multiplying the test functions, this approach should be gentler
numerically, because it spreads out the porosity over two equations. Of course, we
have not really handled the degeneracy, since now (3.22) degenerates to 0 = 0 as
porosity approaches zero. In fact, none of the three methods address the degeneracy
in a direct way, nor, therefore, the issue of having no stability control of the fluid
potential.

4. A Scaled Mixed Variational Formulation. Following [5], the stability
estimates (3.15) suggest a new weak formulation that respects the possibility that
the porosity might vanish. We have that the scaled relative velocity v, = ¢~ ®u is
stable. If we define the scaled fluid potential

ir = ¢"%qy, (4.1)



Mixed Methods for Two-Phase Darcy-Stokes Mixtures 9

then this quantity is also stable. Therefore we reformulate the problem in terms of
these scaled quantities, which means that (1.1)—(1.4) become

k0¢1+®

et V(o) =0, (4.2)

o™ Y (6770%,) + 1 (1 — 0'/%) =0, (43)

Vqg—V-6(vy) =-(1-9¢)prg, (4.4)
1/2

peV Ve = 7 (s - ¢'/%q) =0, (4.5)

wherein we have scaled the entire second equation by ¢—!/2 and (1.5) continues to
define 4.

The scaled equations make sense provided that the gradient and divergence terms
are well-defined when ¢ = 0. The divergence term in (4.3) expands to

¢_1/2V . (¢1+@‘~,T) _ ¢1/2+6V . {,T + ¢®—1/2v¢ . {fr7 (46)
and it is well defined provided that, for example,
¢972Vg € (L ()7, (4.7)

ie., |¢®_1/2V¢| is bounded almost everywhere in the sense of Lebesgue measure.
The gradient terms in (4.2) make sense under the same condition. The porosity ¢
in the physical model satisfies the full set of equations, including solute and thermal
transport equations. It is mot clear if we should expect that this porosity satisfies
our condition. Nevertheless, we will tacitly assume that this condition holds. Our
numerical results suggest that it is not strictly necessary, and perhaps can be weakened
(see also [5] for a discussion of the necessity of this condition).

4.1. Boundary conditions and the scaled formulation. We should not ex-
pect the scaled velocity to lie in V,.. Rather, v,. should lie in the space

V, = Hy(div; Q) = {v € (L*(Q))*: ¢7/?V - (¢'TOV) € L* () }.
As discussed in [5], this is a Hilbert space with the inner product

(0, v)g = (0,v) + (qﬁ_l/QV ) (¢1+9ﬁ)7¢—1/2v ) (¢1+9‘7))

and induced norm [|V[g = (\7,\7)%}/ ®. Moreover, these vector functions have a well-
defined normal trace on 92, and, similar to (3.3),

16249% - v[|_1 2,00 < Call¥]5, - (4.8)
We also have the space H{;lm (09), which is the image of this normal trace operator
on V, = Hy(div).

The boundary conditions (3.1) will now be made more general (see [38] for even
more generality). In terms of the scaled quantities, we take nonhomogeneous bound-
ary conditions on the Darcy system that are natural (with I‘ﬁat = 0Q and T{, = 0)
or essential (I'f, = Q2 and T/, = () of the form

ess
s =¢"2g9r =G5 onTi,, (4.9)
POV, v =g, on I'/ (4.10)

ess?
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and we impose nonhomogeneous essential conditions on the Stokes system
vs =gs on 0. (4.11)

A compatibility condition may be needed:
/ (gr +85-v)ds =0 if T/ =0Q. (4.12)
20

To impose the essential boundary conditions, we define the spaces
Vngr = {v eV, : /Oy .y = gr on ngs},
Vg, = {V € (H'(Q)?:v=g,on 89},
and we let W, be Wy if T'oss = 09 or ¢ vanishes entirely (i.e., the pressure scale is not
set by the boundary conditions) and W otherwise. As with the other formulations, a

similar procedure leads us to the following scaled weak formulation.
Scaled formulation. Find v, € V, 4 , Gy € Wy, v, € V, o, and ¢ € W, such that

(v ) = (47,0729 - (61°,))
0

= (g VO v)ps Vo € Vyo,  (4.13)
(¢>*1/2V . (¢1+®‘~,r)’wf) + (ﬁ@f . ¢1/2q),wf)

=0 wa EWf, (4.14)
—(q,V -4s) + (6(vs), Vips) = *((1 - ¢)Prg,¢'s) Vs € Vs o, (4.15)
(V-ve,w) — (MS(;/Q@@ - ¢1/2q),w) =0 Yw € W,. (4.16)

4.2. Existence and uniqueness of the solution. We can derive stability
estimates similar to (3.15) for the scaled formulation. Our proof combines four key
results: the Babuska-Lax-Milgram Theorem [9, 10, 31] (Theorem 2 stated below),
Korn’s inequality in the form (3.8), the Stokes inf-sup condition (3.12), and a special
inf-sup condition for the scaled Darcy system (Lemma (3) below). We also use some
of the concepts developed in [5], where the degenerate Darcy problem is analyzed.

To impose essential boundary conditions, we assume that g, € (H'/2(99Q))% and
extend it continuously from the boundary into the domain, so that the extension
gs € Vo = (H'(Q))? and ||gs|l1 < C||gsll1/2,00- In a similar way, following [5], we

assume that g, € H(;l/ Q(I‘fss), the image of the scaled normal trace operator on

V, = Hy(div; Q) which appears in (4.8). Then g, has a bounded extension g, € V,
on {2 such that

¢1/2+@gr -V =g, On ngs'

THEOREM 1. Assume that (4.7) holds on the porosity, 0 < ¢ < ¢* < 1, and the
extensions g, € V.. and gs € V5 satisfy (4.12). Ifffzat = 0 or ¢ is identically zero, let
W, = Wy, otherwise, let W, =W, g; € HI/Q(Fgat), gr = 0, and assume the stronger
condition (4.21) on the porosity. Then there exists a unique solution to the scaled
formulation (4.13)—(4.16), (1.5), and it satisfies

90l + 167429 - (6495 + gl + lvall + lal
< Cf{lpel + 1351l jors .+ el + sl }- (4.17)
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Before proving this theorem, we state two key results. The first is well-known [9,
10, 31], and the second will be proven after we prove Theorem 1.

THEOREM 2 (Babuska-Lax-Milgram). Let U and V be two real Hilbert spaces.
Suppose that a : U x V — R is a continuous bilinear functional such that for some
constant v > 0 and allu € U andv € V, v # 0,

sup |a(u,v)] >~v|lul| and sup |a(u,v)| > 0. (4.18)
1

llvll=1 flull=
Then, for all f € V*, there exists a unique solution u € U to
a(u,v) = f(v) Yv eV,
and

1
=N £l 4.19
lul < 111 (4.19)

The divergence operator satisfies an inf-sup condition [32, 17, 34]: there is some
~vp > 0 such that

\%
sup (V) > pllw|| Yw e L*(Q). (4.20)
vEH (div;2) ||V||H(d1v Q)

LemwMma 3. If
1(1+©)¢™ Vol (Lo ()2 < T, (4.21)
then there is some 4p > 0 such that

(U), ¢—1/2v . (¢1+®V))
sup
vEH (div;Q2) [V Il (divs)

2 @D||¢1/2+9w|| Yw € L*(Q). (4.22)

Proof of Theorem 1. Let
X=V,0xWsxV,0xW,,

and take U = V = X, which is indeed a real Hilbert space. The bilinear form is
defined by the equations (4.13)—(4.16) for any U = (v, 0,{f,Vs,0,q) € X and ¥ =
(%r, wy, P, w) € X as

)= (vnov ) (a7,6712V - (914O,)) + (67/2V - (81 9¥10), wy)
1/2
( (s = ¢1/2(I)awf> - (h@f - ¢1/QQ),w)
- (¢, ) (0(vs,0); Vibs) + (V- v 0, w).

The linear functional is
) = (7.6 %, ) — (1 6)prg)
~ (e wr) = (6779 (6798, wy) — (6(g2). Viba) — (V- g5, ).
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Clearly we have continuity (boundedness) of ¢ on X x X and f on X, using the trace
result (4.8).

Our scaled formulation is written in the context of the Babuska-Lax-Milgram
Theorem as follows. We find U € X such that
a(U,T) = f(¥) V¥ eX, (4.23)

and then set v, = v, 0 + g, and vy = v 0 + gs.

We turn attention to the inf-sup condition, the first condition in (4.18). For any

q<€W,, let
1
1 d
1=y Jyoe
be the average of ¢ (note that § = 0 if W, = Wy). Using (3.12) for the Stokes problem,
there is v, € V, ¢ normalized so that ||v4|[1 = |l¢ — g|| and satisfying
(V- vg) = gslla —al* (4.24)

In case ¢ # 0 (i.e, Fﬁat = 0R2), we apply Lemma 3 to any ¢y € Wy to find v4, €
H(div; Q) such that ||[vg, || m(aive) = l¢*/2T9s| and

(G 07 PV - (¢19vg)) = $Ap 16" * O |17 (4.25)

Note that vg, € H(div;Q) C V, = @,.70 when T/ = 0.

ess
For any U = (V,0,4r,Vs,0,9) € X, we take the test function in (4.23) as ¥ =
(1/)7‘7 wfa'l/)m U)) € X defined by

Y, =Vro+00vy, wp=qs+ 510712V - (¢19%,.0),

(4.26)
¢s = Vs0 + 62vq7 and w = q,

where §; > 0, j = 0,1,2, will be determined below. After combining and canceling
some terms,

. ]_ ]_ 2
a(U,¥) = Z—(f)uw,o\\z + 61|67V - (M O%0) P + o ﬂ@f —¢'/%) H

(6(vs,0), Vo) —62(q,V - vg) — g (qu’ AV (¢1+(~)qu))
1
50(%{%0,"@) + o1 (m(ﬁf —¢'%q),¢71/?V - ((/)HGO,,,O))

+ 52(6’(V570), Vvq).

_|_
+

There is some Cy > 0 such that

(0(vs,0), Vvy) < Callvsolllvell = Callvso

l1llg —all;
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so using (3.8) with its constant Cy > 0, (4.24), and (4.25), we see that
U\Il>ﬂ~ 21 5 1l6=1/2V . (61O 2 1 1/2 2
(0, 9) 2 0l + 82072V - (01100, 0)| + g — 0! 2]
S
+ C1llvaoll + $027sllg — @lI” + 2d09plle"/ >+ Oqs |
1
+50< V.05 Vg >+51(7 i — 0'2q), 072V - (1O, )
T qf ,U/s(l _ ¢)( f ) ( T )
+02(6(vs,0), Vvg)

M Iz - B ~ 9
> ké( 50A ]l:; )HVT,0|\2+%51H¢ 1/2V~(¢1+®vr,0)”

+i0——ii—0m—¢%W+@_@@Mwm
4 2p15(1 — ¢*)? s
+ 3023slg — @l + $o0An |62 g%,
Taking dp, 01, and &5 positive but sufficiently small shows that for some ¢ > 0,
a(U,9) > cf [Vrol® + |67 /2V - (6%,
+ g = ¢"%al® + llg — all” + H¢1/2+®€7f||2}-
In case ¢ # 0 (and then ¢ # 0), we estimate

~ _ _ o' q]
lall < llg — all + 191'2al < lla — all + 121" * o

[ +€|
and
l6**%qll < 16+ (a = D) + o'l

<™= )l + 18"* O qrl + 16"/* T (a5 — ¢ )|

< llg = all + 6"# || + llas — ¢'ll,
SO

lall < C{llg — all + 1"+ s || + ldy — '/*all}-

Moreover,

g5l < llas — ¢*2all + llall,

and we have shown the first condition in (4.18). The second condition in (4.18)
follows by symmetry. We have thus met the conditions of the Babuska-Lax-Milgram
Theorem, and we conclude that the problem (4.13)—(4.16), (1.5) has a unique solution.
Moreover, the bound (4.19) is what is written in Theorem 1. [

Proof of Lemma 3. Given w € L%(Q), let (¥, %) € H(div; Q) x L?() solve

V-y+(140) 'V -9 =¢/* % inQ, (4.27)
Y =—Vy in Q, (4.28)
x=0 on ON. (4.29)

This is possible provided (4.21) holds (by (4.20) and the Lax-Milgram Theorem).
Moreover,

% #r(@ivi) < Cllg" > Cw.
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Finally,

(w, 6"V - (¢1+9v) _ (w,67°V - (¢1p))
sup >
VeV, VIl (aivs) 1%l 1 (aivie)

_ 0OV S (140670 ) 1 6 Cul
H’/’”H(div;m e ||¢>1/2+@w||

5. Mixed Finite Element Methods. Assume {2 is a polygonal domain in one,
two, or three dimensions. Let 7; be a conforming finite element mesh of simplices or
rectangular parallelepipeds covering {2 with maximal spacing h, and let &, denote the
set of element endpoints, edges, or faces.

To continue the exposition, we will restrict to two dimensions. Extension to one
and three dimensions should be clear. Let P, denote the space of polynomials of
degree n and P,,, ,,, denote the polynomials of degree ny in « and ny in z (taking the
second coordinate to be the depth z).

1
10+ Cu). O

5.1. Finite element spaces. To formulate the discrete versions of our weak
formulations, we introduce two finite element spaces specially designed for mixed
methods. The first space will be used for the Darcy part of the system. We choose
the lowest order Raviart-Thomas (RTy) finite element space Vrr x Wgr [32, 17, 34].
On an element £ € Ty,

(P x Po) @ (I)IPO, if E is a triangle,
z

Vrr(E) = (5.1)

P10 x Po 1, if E is a rectangle,
Wgr(E) =Py (5.2)

(so Wgr is the space of piecewise constant functions). The degrees of freedom for
Vgt are the normal fluxes on the edges, and the degrees of freedom for Wyt are the
average values over the elements, i.e.,

Ve = spam{ve :/ve cvpds =10c ¢ Ve, f € Eh}, (5.3)
f
Wgrt = span{wE : 'U)E|F = 6E,F VE,F € 771}, (54)

where 9, ; is the Kronecker delta function for indices 7 and j. Raviart-Thomas spaces
are commonly used to solve Darcy’s equation and RT\ is first order accurate in
H(div;Q) for Vg and in L?(Q) for Wrr. We remark that we could use quadri-
lateral elements as well, as long as we substitute the Arbogast-Correa (ACy) spaces
[3] for the Raviart-Thomas spaces.

For the Stokes part of the system, we could choose any reasonable finite element
space Vg x Wg. A good choice on rectangular meshes is the Bernardi-Raugel (BR)
space [14, 6] Vg x Wpgr. On a rectangular element E € Ty,

Vpr(E) = P12 x Pa1, (5.5)

and Wggr(F) = Wgr(FE). The degrees of freedom for Vgg are the normal fluxes on
the edges and the nodal values on the vertices of each component. The space BR is
first order accurate in (H'(£2))? for Vg and in L?(Q) for Wgr. The space was first
introduced to solve Stokes equation, and has also been used to solve Darcy’s equation
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with continuous velocities [6]. It is a natural choice for our coupled Darcy-Stokes
system, since the convergence rates of the two spaces match.

We could use more standard Stokes elements such as the lowest order Taylor-Hood
elements [23, 17, 21]. On an element E € Ty, if E is triangular, Vg (E) = Py x Py and
Wrg(E) = Py and, if E is rectangular, Vo (E) = Po o X Po o and Wry(E) = Py 5.
On rectangular meshes, these elements are more accurate than the BR elements, but
they also have more degrees of freedom. However, we would not gain any additional
overall convergence within the coupled system because of the Darcy part.

5.2. Finite element methods. Finite element methods for the standard, ex-
panded, symmetric, and scaled formulations of Sections 3.1, 3.3, and 4 are given by
restricting the solution and test functions to the chosen finite element spaces.

For completeness, we describe the scaled finite element method with the boundary
conditions (4.9)—(4.11). In the case of essential boundary conditions, the extensions
g, and g are projected into the finite element spaces as g, € Vgt and g, € Vg (Vg
or Vry) in such a way that the two compatibility conditions hold:

/ (s —gs)-vds=0 and / (& + &) -vds =0 if T/ =0Q. (5.6)
o0 o0
We also need to define

Vero={veEVrr:v-r=0o0n I‘gss},
VS70:{V€VS :v:Oon@Q},

Wsp:{wGWS:/ﬂwda::O},

and W, = Wg o if T'{, = 9Q or ¢ =0 and Wg ,, = Wg otherwise.
Scaled mized finite element method. Find v, € Vrro + &, dr,n € Wrr, Vsn €
Vs,0 + &s, and g, € Wg , such that

(lvmnthe) = (@50 0779 - (6'°9,)

= _<gf7 ¢1/2+®¢T : I/>F£ Vi,br S VRT,Oa (57)

at

(¢—1/2V . (¢1+®{,—T,h)7wf) + (m(q’ﬁh _ ¢1/2qh)7wf)
—0 Vwy € Wrr, (5.8)
—(Qh, v : "/)s) + (&(Vs,h)v v"/)s) = _((]— - (b)prga'ws) V"/)s S VS,Ov (59)
1/2
(V- vgn,w)— (m@f’h o (;51/261h)aw> =0 Yw € Wg 4, (5.10)

where the term ¢ is defined by (1.5). While the scaled finite element method is well
defined when ¢ vanishes due to the condition (4.7), it is important to avoid division by
zero in the implementation. One must evaluate the two divergence terms containing
¢ to a negative power in (5.7)—(5.8) at quadrature points. Because the divergence
terms scale with ¢ to the overall power 1/2+ 0 > 0, these terms should be set to zero
when ¢ vanishes. That is, at a quadrature point where ¢ = 0, take the value of the
entire term to be zero at that point.

LEMMA 4. If (4.7) holds and either Wg . = Wg o or ¢ is not identically zero, then
there exists a unique solution to the scaled mized finite element method (5.7)—(5.10).
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Proof. Since the scaled method gives rise to a square linear system when restricted
to bases for the finite element spaces, the existence of a solution is equivalent to
uniqueness. To show uniqueness, set to zero the quantities g, &, gr, and g. The
test functions

Y, =Vrn € VRr0, w5 =qsrn € Wrr, %s=v,n €Vso and w=gq, € Wg,,
when substituted into (5.7)—(5.10) and after the equations are added, imply that

%H{’r nll? + (ﬁ(ijm —0"%qn), G — ¢1/2%) +(6(Vsn), Vvsn) = 0.
Thus V.., = 0, the estimate (3.8) shows vy, =0, and gy = oY 2qp,.

The discrete version of the inf-sup condition (3.12) holds for the BR and TH Stokes
elements (and any inf-sup stable pair of Stokes elements) with a possibly smaller
constant 0 < 7§ < 75 independent of the mesh spacing parameter h. Therefore there
is some vg , € {v € Vg : v =0 on 00} C Vg g such that ||vgrl1 = |lgn — gn| and

_(qh7v : Vq,h) Z %Vquh - QhHQ» (511)

where g, = fQ gndxz/|Q]. The choice s = vqp in (5.9) shows that ¢, = gp. If
Ws.. = Ws, gn = 0 and we conclude that g, = ¢n,y = 0. If Wg, = Wg, then
since qfp = '/2q, € Wrr, we conclude that ¢, being continuous, must be a positive
constant. Similar to the Stokes case, we can then use the discrete version of the
inf-sup condition (4.20) for the RT spaces and (5.7) to conclude that ¢, = ¢ = 0.
Uniqueness, and therefore also existence, of a solution is established. O

5.3. Stability and convergence of the scaled method. In this subsection,
we assume that the essential Neumann boundary conditions (4.10)—(4.11) are imposed
(ie., T, = 09). To derive a bound for the error, we first take the difference of (4.13)-
(4.16) and (5.7)—(5.10) and add the resulting equations to see that

(@ =90 ) = (@5 = G672V - (64%9)
+(¢71AV (01O (Ve — V), wy)
+(us f_th—¢/(q—Qh))awf_¢l/2w)
~ (g~ qh,v ) + (G (ve = Ven), Vi) + (V- (Ve = vep)w) =0 (5.12)

for any 1/)T € VRT,O, wy € Wgrr, ’l/)s € sto, and w € Ws@.

Before defining our choice of test functions, we need the usual projection operators
associated with RT¢ (or ACy). Let Py, : L?(2) — Wrr denote the L?(Q)-projection
operator mapping onto the space of piecewise constant functions Wgr. Let wgr :
H(div; Q) N L**¢(Q) — Vgt (any € > 0) denote the standard Raviart-Thomas or
Fortin operator that preserves element average divergence and average edge normal
fluxes [32, 17, 34, 3]. We also need the usual H'(Q)-projection s : H'(Q) — Vs and
the L2(Q2)-projection Py : L2(2) — W,

Let the function v, € Vg o arise from the discrete version of the inf-sup condi-
tion for Stokes (4.24) (as in (5.11)), normalized so that ||[vy |1 = ||[Pwsq — ¢n| and
satisfying

—(Pwsq — an, V- V) = 378l Pwsq — anll®. (5.13)
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Similar to the test functions taken in (4.26), we take

P, =V, — Vo) — (Vi — TRTV,) — (TRTGr — &) € VRrro,

Wi = Pywge s — Gr,n + 01 Pwpr [¢71/2V (' (¥, — Vr1))| € W,
Y = (Vs — Vo) — (Vs — msVs) — (Msgs — 8s) + 02V n € Vg0,
w = Pwsq — qn € Wso,

where 61 > 0 and d5 > 0 will be determined below. We remark that the term
multiplying §; must be projected back into the discrete space, and so our derivation
is not completely straightforward.

Introducing Py, thrice into (5.12) yields

<‘uf ( - {’r,h)a ’lpr) - (PWRTQf - (jf,ha PWRT [¢71/2v . (¢1+®¢Tﬂ)

ko
+ (PWRT [ 1/2v : (¢1+@(~ -V h))} 5 wf)
= Purgely, &2V - (¢99,))

—(a
1 1/2 1/2
( qf—(th—¢ (@ —an)),wy — ¢ w)

_|_
s (1
(q q;“V s ) ( (Vs_vs h)s V¢S)+(V'(Vs_vs,h)>w)
=T, + -+ Ts (respectively) = 0. (5.14)

For the first term in (5.14), we deduce that for some generic constant C' > 0,

7= (FL v 90)

= %H{}T -V - <%(J)C(‘7T - "}nh)a{’r - FRT{}T + TRTEr — gr)
> ﬁ”{’r - ‘N’r,h”2 -C ”{’T - 7rRT{’?“H2 + HWRTgT - gTHQ}
ko

For the next two terms, for any ¢ > 0,

Ty + Ts = —(Porge s — Qp.hs Porger [¢7 7V - (61 %9,)])
+ (Pora [0712V - (6170 (3 = V)] wy)
= (Pwiels — Gf,h> Poge (¢ 127 . ("9 (¥, — mrrY, + TRIEG: — g)])
+ 81| P [672V - (60 (3, — )] ||
> 61| Porge [07/2V - (O (¥ = )] | — el Py — Gl
- C{HPWRT [¢_1/2V (' (¥, — mRTV,)) ]H2
+ [Pt [67/2V - (617° (anrgr — &0))] |}
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Skipping T} for the moment, the next term is

T5 = (ﬁ(@f —qrn — "% (q = aqn)), wy — ¢1/2w>

- (m@f —dpn— 02 a - @) ds — drn— 020 - @)

- (m@f —Gpn— 02 (q— an)), dr — Poeny — ¢/ (q — pwsq))

+01 (ﬁ(df —drn — 8Y2(q — @), Porge [0 12V - (6119, — {,T’h))])
> = — 020 = )I? = Oy — Pt P

_ - - 2
+ Hq_PWSqH2+6$||PWRT [d) 1/2V' ((Z)H_@(VT _Vr,h))]H }
Noting that w = ¢ — gn — (¢ — Pwsq), the sixth and eighth terms satisfy

T6 + T8 = _(q - Qhav ¢s) + (v . (Vs - Vs,h)aw)
= (q — gh, V. (Vs — TSV + TS8s — gs)) - (V . (Vs - Vs,h)u q— PWSQ)
- 52 [(Pqu — Gh, V. Vq,h) + (q - Pqua V. vq,h)] .

Recalling (5.13) and that ||[vgn|l1 = ||Pwsq — qnll, we have

To+Ts > §6205 | Pwed — anll® = §6205 10 = anll® = €|V - (vs = va)|?
= C{llg = Pwsdl® + |V - (vs — msve) P + |V - (msgs — &)[1°}
> $62%5llg — anll? — €IV - (ve = van)|

= Cllg = Pwsdll® + IV - (vs = msvi) |2 + |V - (msgs — &)1}

Finally, for the next to last term, note that ¥s = Tsvs — Vs —Ts8s + 85+ 02V n,
so we have from (3.8) that

T7 = (6(vs — vsn), VIbs)
= (0(msvs — Vo,p — Ts8s + 8s), Vibs) + (6(vs — msvs + Ts8s — 8s), Vbs)
> Ch|lwsvs — Vo — ms8s + &sllT — C1[Imsvs — vanlli
= C{llvs = 7svili + Imsgs — &sli + 02llvanl?}
> 5C1vs = vanli = C{llvs = msvsllf + Imsgs — &sl1T + 03 Pwsa — anl®}-
We turn now to the fourth term T} in (5.14), which we estimate similarly to a

term in [5, Section 7] for the degenerate Darcy system. That is, we introduce the
projection I — Py, and compute as follows:

s = Pwrgeds 07V - (¢ 799,))

G5 = Pty (I = Puygr )62V - (¢4 %,))

(@5 — Poreass (I — Porgr )8 2 TOV - + (I = Py ) (1 + ©)¢° 2V 6 - 4p,.)
< Cllds — Pwrr @t ll{ (I = Pongr )27V - || + [l ]|},

—T4:(
(
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since we have assumed the bound (4.7) on the term ¢©~/2V¢. Because V - 4, is
piecewise constant, we have that
(I = Porga )6 TV - || < (1 = P )6 * O | oo (@ IV - 90 |

< Ch[p"*FO eIV - |

using [20] for the approximation of the L2-projection in L and (4.7) again. If we
assume that the mesh is quasiuniform, then we can remove the divergence operator
in the final expression at the expense of a power of the mesh spacing h. Thus we have

Ty < Cllgs = Pwne sl -

< el Ve = Vel + C{llar — P G |I” + 197 — 7rr v

+ ||mrrgr — &-)1°}-

Combining these estimates results in

é%llw — o |® 4 61| Pwe [672V - (0O @ — 5o )] P+ SCu Vs = vanl?

1
+ s ldr — drn— ¢ (a— an)|” + 16225 lla — anll?
2us(1 — ¢*) d d 7R

< el Pwredr — @rnll> + IV - (ve = ver) |2 + 1V = Vonl*}
+ C{|I¥; = mrr Ve |2 + || P [0 712V - (01O (¥, — TR1,))]
+ |mrrgr — & )17 + || Pwie [0712V - (6O (mrrgr — &1))] ||2

~ - _ -~ ~ 2
+lds = Pwredr® + llg — Pwsall® + 63 || P [6 72V - (67O (¥ —v20))] |
+ [|vs — sl + [|msgs — &l + 631 Pwsq — anll® }- (5.15)

I

Note that
s — drull® < Ndr — Grn — "> (@ = a)I* + la — anll*

Therefore, if we take €, §;, and do small enough, we have proven the following theorem
and specifically the error bound (5.16).

THEOREM 5. Assume that (4.7) holds on the porosity, 0 < ¢ < ¢* < 1, the mesh
is quasiuniform, T, = 0Q, and the extensions g, € V,. and gs € V satisfy (4.12)
and their approzimations satisfy (5.6). Then the difference of the solution to the
scaled formulation (4.13)—(4.16), (1.5), and its finite element approxzimation satisfy

| + HPWR.T [¢_1/2V : (¢1+®(‘~’r - {’T,h))] || +[[vs = Vsl
+l@r — drnll +llg — anll
< C{|[¥r = mrrVe || + || Pwie [07/°V - (8O (¥, — 7rr ) ]|
+ | 7rrgr = &l + || P [671/°V - (6" (rrgr — &0))] ||
+[13r = Pwer sl + lg — Pwsall + Ive — w5Vl + [Imsgs — a1} (5.16)

H‘N/r - {’r,h

If the solution is sufficiently smooth, this bound implies first order convergence.
It also implies stability of the scheme even when the solution is not very smooth.
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6. A Modification for Local Mass Conservation. As in [4], we define a
locally mass conservative implementation of the scaled method by using the quantity
¢ = Pwrr® € Wrr given by taking the average over each element E € Ty, i.e.,

for x € E, QZ)(X) =¢p = ﬁ /E¢dz, (6.1)

where |E| is the area of E. When ¢|g = ¢p = 0 vanishes on an element E, ¢ is
identically zero on E. We modify the two divergence terms in the scaled MFEM
(5.7)—(5.10) by replacing

Y .
¢71/2V'(¢>1+®v)|E by { E1 v . (¢'Ov) if q{)E #£0,
0 if oy =0.

We also modify the two terms in (5.8) and (5.10) involving the pressure potentials.
These changes make the method locally mass conservative, as we show later.

Locally conservative scaled mized finite element method. Find v, j, € Vgrr o + &,
Gf.n € WRr, ve,n € Vg0 + 85, and g, € Wg 4 such that

(%\N/T,fulkﬁ’r) - (qf,ha (ﬁ_l/QV . (¢1+®’l/)7‘)>
0

= _<gfa ¢1/2+®¢r : V>F£ V’lﬁr S VRT,07 (62)

at
-1

(6712V - (6"FOV, ), wy) + (%(m — 6'2qn),wy)

=0 Vwy € Wrr, (6.3)

_(qh7 v : 1/)5) + (&(Vs,h)» v'l/)s) = _((]- - d))prgv"/)s) v"l}s S VS,Oy (64)
7—1/2 N

(V- Vo pyw) — (ﬂ‘fﬁ_@(qm — 32 w) =0 Yw e Ws,,  (6.5)

where the term & is defined by (1.5). On an element E € 7;, where ¢ = 0, the three
terms in (6.2)-(6.3), (6.5) involving ¢~/ are set to zero, and in the second term in

(6.3), we interpret ¢¢~! as one. Furthermore, we define the discrete Darcy velocity
uy, € Vrr and fluid potential ¢ € Wgrr by their degrees of freedom:

1
up Ve = H /q’)H‘@ ds Vpp - v|e Ve € &, (6.6)
e

arnle = o5 Carnle VE € Th, (6.7)
wherein we arbitrarily set g¢n|p = 0 if ng =0.

The existence of a unique solution can be shown in a way completely analogous
to that for the nonconservative scaled MFEM in Section 5. Moreover, one can show
that the locally conservative MFEM is stable, provided that T'J, = Q. We have no
proof of convergence of the locally conservative method at this time, but the numerical
results show optimal convergence and even superconvergence.

To see local mass conservation of the fluid, let E € T, be any element. With wg

defined in (5.4), the test function w; = QAS}E/Q wg € Wgr in (6.3) gives

. 140~ ¢ A—1/2~ _ —
MS/EV (¢ Vr’h)dx—i_/];il—qﬁ(qb drn — qn) dz = 0.
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Since V,. - v and uy, - v are constant on each edge e C OF, we see from (6.6) that

/v.(¢1+@or,h)d:¢:/ ¢1+@or,h-uds:/ uh-yds:/ V- uy dz.
E oE oFE E

The definition of gy, (6.7) gives

s /E V-updz + /E %(‘H,h —qn)dz =0, (6.8)

which is local mass conservation, i.e., (1.2) holds locally.
We obtain local mass conservation of the solid matrix if we use BR spaces. In
that case, we can take the test function w = wg € Wpg in (6.5) to see

Ms/ V. Vs.h dr — / i(Qf,h - q.s,h) dr = 0;
B pl—¢
which is (1.4) holding locally.

7. Implementation of the Methods on Rectangular Meshes. The linear
system corresponding to either of the methods (5.7)—(5.10) or (6.2)—(6.5) has the form

A 7B¢ 0 0 f}r Qg
Bg; Cy.¢ 0 —Crss qy _ 0 (7.1)
0 0 D¢ —-B Vs b¢ ’ )

0 fC;{S’(b BT G4 q 0

wherein the solution represents the degrees of freedom of v,. 4, G¢,n, Vs,n, and g, with
respect to the bases of the finite element spaces. We remark only on the evaluation
of By and Dy. To avoid approximating derivatives of ¢, the matrix By should be
computed using the divergence theorem. For the locally conservative method, for any
element F € Tj, and edge e € &,

By e p = ((lg_l/Qv : (¢1+@V6)= wE)
qg]—sl/Q ¢1+@ dsv.-vg ifeC OF and ¢2E #0,
0 if e ¢ OF or ¢ = 0.

A similar expression is used for the nonconservative scaled MFEM of Section 5. The
matrix Dy is symmetric, and the (k,¢) entry is computed using (1.5) as

Dy e =(0(Ver) Vb)) = 2us [(1 — 9) DV i, DYsp) — 5 (1 = )V - v, V- 15 4) ]

We can simplify the implementation when € is a union of rectangular subdomains
in one, two, or three dimensions, and 7} is a rectangular finite element mesh. We
modify either method by approximating the first integral in (5.7) or (6.2) using what
is known as mass lumping. The integral is approximated by a trapezoidal quadrature
rule (-,-)q, so that for any two edges e, f € &,

fif fif
A, _( . ) =1 \E5. 7.2
5= 5V vr), 2k0| |de. £ (7.2)

where F, is the element or union of two elements that have e as an edge. This
approximation diagonalizes A and enables us to eliminate the scaled relative velocity
using the Schur complement from the first row of (7.1),

Vp = A_I(B¢Lff + a¢).
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What remains is a Stokes-like system with two pressure potentials. One can further
eliminate v, = D;l(Bq + bg) to obtain

BfA™'By +Cy ~Cfs dr
—CT. s B'D;'B+C.4) \ q

—BTA 1a )
= 6 10 7.3
<—BTD¢1b¢ ) ( )

but the matrix BTDng is not easily formed. Nevertheless, one can apply this matrix
and therefore solve a Schur complement system for the two pressure potentials. The
system can be preconditioned by a diagonal preconditioner, using any good precondi-
tioners for the two diagonal blocks, and solved by conjugate gradients. See, e.g., the
block preconditioner defined in [33].

8. Numerical Results in One Dimension. In this section we present nu-
merical results for the new locally conservative scaled mixed finite element method
(6.2)—(6.5) for the Darcy-Stokes equations by simulating a compacting column in one
dimension.

Consider a mantle column [30] for z € [~ L, L] with no flow through the top and
bottom boundaries, i.e.,

vs(—L) =vs(L) =u(—L) =u(L) =0, (8.1)
and also with the fluid potential scale set so that
q7(0) = 0. (8.2)

In order to reveal the qualitative nature of the equations for the compacting column,
we non-dimensionalize using the compaction length scale [27]

kop 1/2
L= ( 0 ) ~ 10° to 3 x 10° m. (8.3)
wr
Define the dimensionless variables
r=0L.1Z,
qf = ‘pr|ch qvfa qs = |pr‘ch ds,
_ kolprlg _ kolprlg .
= U, vVy=—— Vs
wr K

By reducing to the vertical dimension, using (2.10), and dropping the check accent
marks, (1.1)—(1.5) become, after some manipulation,

u+¢* 0, =0, (8.4)
u' + ¢(Qf - QS) =0, (85)
[gs — 5(1 —4¢)vl) =1 — ¢, (8.6)
v, —¢lgr —qs) =0. (8.7)

Note that in a one-dimensional problem, there is no distinction between shear defor-
mation and compaction.

Where ¢ > 0, we can reduce the system to a single equation in terms of u as
follows. First, (8.5) and (8.7) imply that v = —u/ and g; = v'/¢+¢;. Equation (8.4)
gives q} = —¢ 2729, Finally, (8.6) reduces to

¢2+2®(3+¢3;4¢2 W) —u= g1 - ) (8:8)

On an open interval where ¢ = 0, the equations reduce to u =0, ¢, =1, and v, = 0.



Mixed Methods for Two-Phase Darcy-Stokes Mixtures 23

8.1. Closed form solutions. We will conduct tests of a compacting column
problem using the three porosity functions

bo(2) = do, (8.9)
e ifz<o,
¢3(2) = {¢+ 20 (8.10)
0 if z <0,
92(2) = {¢>+z2 if >0, (8.11)

where ¢y > 0 and ¢_ # ¢4 gives a discontinuous jump in ¢j. Note that ¢g and ¢o
satisfy the condition (4.7), since in fact ¢>2®_1/2V¢2 = 24,2 for z > 0 is indeed in
L>(Q). However, ¢; does not satisfy this condition.

8.1.1. Constant porosity. Taking the constant porosity ¢(z) = ¢g > 0, (8.8)
reduces to
R72u// —u= ¢g+2@(1 - ¢0)’
where

3+ ¢ — 405 1+2@)*1/2

R = R(90) = (“—25—"0)

Solving the differential equation with the potential scale condition (8.2) gives the full
solution in terms of the constants a and b as

u=—¢2O(1 - ¢p) [1+ acosh(Rz) + bsinh(Rz)], (8.12)
gr=(1- ¢>0){Z — % + %[asinh(Rz) + beosh(Rz)] }, (8.13)

BTSSR S £

R 3501 R [asinh(Rz) + bcosh(Rz)] } (8.14)
0~ *%o

The boundary conditions (8.1) imply that

1
s = U G= d b=0. 8.15
Y v cosh(RL) o (8.15)
8.1.2. Discontinuous porosity. For the discontinuous porosity ¢ = ¢ given
in (8.10), we can solve (8.8) on each subdomain where ¢ is constant. If both ¢, and
¢_ are positive, the result is (8.12)—(8.14), i.e.,

uy = 2291 — ¢) [1+ ax cosh(R+z) + by sinh(R42)]. (8.16)

For the equations (8.4)—(8.7) to make sense at the interface z = 0, the functions
for which we take derivatives must be continuous. The scale condition (8.2) enforces
continuity of ¢y. However, we must impose continuity at z = 0 on » (and thereby on
vs) and on the quantity

0(0) = 31— 40) 0,(0) = (5 + 51— 40))(0)

= R72¢727294/(0). (8.17)
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With the boundary condition (8.1), i.e., u+(+L) = 0, we have four conditions that

determine a+ and by. Letting Fi = ?26(1 — ¢4), the coefficients are determined
by solving the relatively simple linear system
cosh(RL) 0 sinh(R4+ L) 0 ay -1
0 cosh(R_L) 0 —sinh(R_L) | [a—| _ -1
Fi —F_ 0 0 by | | Fo —Fy
0 0 R.(1-¢;) -—R(1-¢.)] b 0

(8.18)

In the case that ¢_ = 0 but ¢ > 0, the solution to (8.8) is (8.12)—(8.14) for
z >0, but for 2z < 0, u = vs =0 (i.e.,, a_ = b_ =0) and g; = z + c_. The interface
conditions imply that

cosh(RyL) —1

= -1 = @ _ = — 1-— . 1
a4 ;o by Snh(R. L) and ¢ bi(1—o4)/Ry (8.19)
Finally, if ¢_ > 0 and ¢ = 0, then
1 —cosh(R_L)
_=—1 b_=——F—-—" =—b_(1—o¢_ - 2
a b Snh(R L) and ¢4 b_(1—¢_)/R_, (8.20)

where (8.12)—(8.14) gives the solution for z < 0 and for z > 0, v = v, = 0 (i.e.,
ay =by =0)and ¢gs =z + cy.

8.1.3. Quadratic porosity approximation. The final closed form solution is
an approximation to the system. Set © = 0 and take ¢(z) = ¢2(z) from (8.11).
Working on z > 0, the differential equation (8.8) reduces to

34+ g 22 —4p2 2t N7
2 4 + + 2 4 2
¢+z( 36,2 u') —u=¢2 (1 —pg2°).

Assuming that ¢ = ¢ 2% < 1, we retain only the lowest order terms, i.e., we approx-
imate this equation as

¢4z (2 7%) —u =g 2",
which reduces to the Euler equation
122U =20 20 —u= g3 2"
The Euler exponents satisfy ¢ r(r —3) — 1 = 0, which are

_3+1/9+4/6 3—\/9+4/¢>+<0
2 2 ’

and the solution to the homogeneous equation is U = Az"* + Bz"2. Since the solution
is well-behaved, B = 0. If ¢, # 1/4, variation of parameters and the boundary
condition u(L) = 0 give the solution for z > 0 as

1 >3 and 1ry=

2
U= —vs = 1?1@@4“ 21—z, (8.21)
1 L47r1 Zr173
= - 8.22
s 1—4¢+(z "3 ) (8.22)

For z < 0 where ¢ = 0, the solution is u = vy = 0. Moreover, ¢; = z, using the
continuity condition (8.17) and noting that u'(0) = 0.
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FiG. 8.1. Constant porosity (8.9) with ¢o = 0.04. The computed solution as thick dashed
lines, and the closed form solution as thin, solid dark lines. Shown are the porosity ¢ (phi), u,
vs = —u, qf, and qs, as well as the scaled ¥, and qy.

8.2. Verification of the scaled method. In this subsection we present numer-
ical results for the locally conservative scaled mixed method (6.2)-(6.5) and its mass
lumped approximation using (7.2). We use the BR spaces for the Stokes part of the
system. Note that in one dimension, the velocity part of the RT and BR spaces reduce
to piecewise continuous linear functions, and the pressure part is the set of piecewise
discontinuous constant functions. The theoretical bound in Theorem 5 would guar-
antee a convergence rate of O(h) for the potentials and velocities, provided ¢ satisfies
(4.7).

We simulate the dimensionless compacting column test (8.1)—(8.2), (8.4)—(8.7)
using the three porosity functions (8.9)—(8.11) defined above. In all tests, we take
L = 2, so that the domain extends four compaction lengths, and we fix © = 0. Each
problem is solved on a uniform mesh of n cells. Our computer code is based on the
deal.IT software library [11].

We chose above to fix the pressure scale of ¢y by imposing (8.2) in the interior
of the domain. This works well for the closed form solution. However, it does not set
the scale properly in our numerical implementation of the problems. Instead, we set
the pressure scale of ¢ at the point where it achieves its maximum value. Moreover,
in the two cases where the porosity degenerates, we also set the scale of ¢ at the point
where it achieves its minimum value.

8.2.1. Constant porosity tests. For the first set of tests, we take the constant
porosity ¢(z) = ¢9 = 0.04. This problem tests the overall performance of the code
when there is no degeneracy in the porosity. The computed and closed form solutions
using n = 80 are shown in Fig. 8.1, although the former is so accurate that it obscures
the latter.

In Table 8.1 we give the relative errors of the potentials as measured in the
L?-norm for both the scaled mixed method and its mass lumped approximation.
The optimal rates of convergence O(h) are observed for §¢r, gf, and g. We also
measured the errors in the discrete L? norm, which is the usual L2-norm but evaluated
using the midpoint quadrature rule. This is a norm for which one might expect to
see superconvergence. Indeed, we see superconvergence for all three potentials. On
coarser meshes we see O(h%/2) for the fluid potentials and O(h) for the mixture, but
on fine meshes the rates rise to O(h?) for all three variables. Similar superconvergence
results hold for the mass lumped approximation.
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TABLE 8.1
Constant porosity potential errors. Relative L? errors and convergence rates for the
potentials. We show results for the scaled mized method, the mass lumped approximation, and the
scaled mized method but using the discrete L2-norm given by using the midpoint rule.

ar qr q

n || L?error | rate || L? error | rate || L? error | rate
Scaled mixed method

20 || 1.428e-02 | 1.00 || 3.237e-02 | 1.00 || 3.435e-02 | 1.00

40 || 7.139e-03 | 1.00 || 1.618e-02 | 1.00 || 1.717e-02 | 1.00

80 || 3.569e-03 | 1.00 || 8.090e-03 | 1.00 || 8.581e-03 | 1.00

160 || 1.784e-03 | 1.00 || 4.044e-03 | 1.00 || 4.290e-03 | 1.00
Mass lumped method

20 || 1.427e-02 | 1.00 || 3.236e-02 | 1.00 || 3.434e-02 | 1.00

40 || 7.139e-03 | 1.00 || 1.618e-02 | 1.00 || 1.717e-02 | 1.00

80 || 3.569e-03 | 1.00 || 8.090e-03 | 1.00 || 8.581e-03 | 1.00

160 || 1.784e-03 | 1.00 || 4.044e-03 | 1.00 || 4.290e-03 | 1.00

Scaled mixed method, discrete norm (midpoint rule)

20 || 8.597e-04 | 1.46 || 1.949e-03 | 1.46 || 1.411e-03 | 0.91

40 || 2.794e-04 | 1.62 || 6.334e-04 | 1.62 || 5.422e-04 | 1.38

80 || 8.263e-05 | 1.76 || 1.873e-04 | 1.76 || 1.708e-04 | 1.67

160 || 2.271e-05 | 1.86 || 5.149e-05 | 1.86 || 4.813e-05 | 1.83

320 || 5.972e-06 | 1.93 || 1.354e-05 | 1.93 || 1.279e-05 | 1.91

640 || 1.532e-06 | 1.96 || 3.472e-06 | 1.96 || 3.297e-06 | 1.96

TABLE 8.2
Constant porosity velocity errors. Relative L2 errors and convergence rates for the veloc-
ities using the scaled mized method and the mass lumped approximation.

vf U Vs

n || L? error ‘ rate L? error ‘ rate L? error ‘ rate
Scaled mixed method

20 || 1.147e-03 | 1.82 || 4.897e-05 | 1.82 || 4.897e-05 | 1.82

40 || 2.972e-04 | 1.95 || 1.269e-05 | 1.95 || 1.269e-05 | 1.95

80 || 7.500e-05 | 1.99 || 3.203e-06 | 1.99 || 3.203e-06 | 1.99

160 || 1.879e-05 | 2.00 || 8.027e-07 | 2.00 || 8.027e-07 | 2.00
Mass lumped method

20 || 1.650e-03 | 1.72 || 7.047e-05 | 1.72 || 7.047e-05 | 1.72

40 || 4.381e-04 | 1.91 || 1.871e-05 | 1.91 || 1.871e-05 | 1.91

80 || 1.113e-04 | 1.98 || 4.753e-06 | 1.98 || 4.753e-06 | 1.98

160 || 2.794e-05 | 1.99 || 1.193e-06 | 1.99 || 1.193e-06 | 1.99

In Table 8.2 we give the relative errors of the velocities in the L2-norm for both
the scaled mixed method and its mass lumped approximation. The velocities are
approximated by piecewise linears, so the optimal rates of convergence would be
O(h?). This is precisely what is observed for each of the velocities U, u, and vs.

8.2.2. Discontinuous porosity tests. For the next set of tests, we use the
discontinuous porosity function (8.10) with ¢_ = 0 and ¢, = 0.04. Not only is there
a jump in porosity, but it is also degenerate for z < 0. Note that the discontinuity
will land on a mesh point if we use an even number of mesh cells n, and it will land
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F1G. 8.2. Discontinuous porosity (8.10) with ¢— = 0 and ¢+ = 0.04. The computed solution
as thick dashed lines, and the closed form solution as thin, solid dark lines. Shown are the porosity
¢ (phi), u, vs = —u, q5, and qs, as well as the scaled 0y and §y.

in the center of a cell when n is odd.

The computed and closed form solutions using n = 80 are shown in Figure 8.2.
Note that the discontinuity in ¢, is clearly evident (and approximated well). Note
also that the computed solution o, has some difficulty near z = 0 where the porosity
is discontinuous. This difficulty is not seen in v and v, since compared to o,., these
velocities are multiplied by ¢. Overall, the computed solution is an excellent match
to the closed form one.

In Table 8.3 we give convergence results for the potentials using the scaled mixed
method. The mass lumped approximation has nearly identical results. Even though
¢ does not satisfy the condition (4.7) and is in fact discontinuous, we see good con-
vergence results. When n is even and the grid resolves the discontinuity in ¢, we see
optimal convergence rates O(h) for all three potentials and superconvergence O(h?)
when using the discrete norm.

When n is odd and the discontinuity in ¢ is not resolved, we see some degradation
in the convergence rate for ¢ and no superconvergence in the discrete norm. To
test whether the error near the discontinuity pollutes the solution, we computed the
interior errors. These are given by computing the error in all cells of the mesh except
the five near the discontinuity. That is, we restrict the domain of integration of the
L2?-norm to be interior to where ¢ is smooth by removing the center cell and its two
neighbors on each side. This mesh dependent norm shows good O(h) convergence,
and so indeed the error is localized to the region of the discontinuity. We do not,
however, observe superconvergence in the discrete interior norm when n is odd.

The errors in the velocities are given in Table 8.4. We see good rates of con-
vergence when n is even, being O(h?) for all cases except the scaled method’s vy,
which is still O(h%/2). When n is odd, we observe O(h) convergence (we show only
the scaled method, but the mass lumped approximation is similar).

8.2.3. Quadratic porosity tests. For the final set of tests, we use the quadratic
porosity function (8.11) with ¢ = 0.001, i.e., ¢2(2) = 0.001 22 for z > 0 and ¢»(z) = 0
for z < 0. The maximal value of ¢ is ¢(2) = 0.004, so the analytic solution (8.21)-
(8.23) should approximate the true solution reasonably well, at least if n is not too
large.

The computed and closed form solutions using n = 80 are shown in Figure 8.3.
Note that there is a boundary layer near z = 2 in the velocities that is difficult to
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TABLE 8.3
Discontinuous porosity potential errors. Relative L2 errors and convergence rates for
the potentials. We show results for the scaled mized method, including two cases using the discrete
L2-norm given by using the midpoint rule, and one case with the L?-norm restricted to the interior
(i-e., away from the discontinuity). When n is even, the discontinuity is at a computational mesh
point, but not when n is odd.

qr qar q
n || L? error ‘ rate || L? error | rate || L? error | rate
Scaled mixed method, n even
20 || 1.040e-02 | 1.00 || 2.852e-02 | 1.00 || 3.622e-02 | 1.00
40 || 5.202e-03 | 1.00 || 1.426e-02 | 1.00 || 1.811e-02 | 1.00
80 || 2.601e-03 | 1.00 || 7.133e-03 | 1.00 || 9.055e-03 | 1.00
160 || 1.301e-03 | 1.00 || 3.567e-03 | 1.00 || 4.527e-03 | 1.00
Scaled mixed method, n odd
21 || 9.961e-03 | 0.98 || 2.744e-02 | 0.98 || 3.955e-02 | 0.87
41 || 5.140e-03 | 0.99 || 1.416e-02 | 0.99 || 2.321e-02 | 0.80
81 || 2.611e-03 | 0.99 || 7.184e-03 | 1.00 || 1.428e-02 | 0.71
161 || 1.316e-03 | 1.00 || 3.615e-03 | 1.00 || 9.218e-03 | 0.64
Scaled mixed method, n even, discrete norm (midpoint rule)
20 || 9.536e-04 | 1.64 || 2.615e-03 | 1.64 || 1.231e-04 | 1.46
40 || 2.529e-04 | 1.91 || 6.935e-04 | 1.91 || 3.860e-05 | 1.67
80 || 6.225e-05 | 2.02 || 1.707e-04 | 2.02 || 1.102e-05 | 1.81
160 || 1.505e-05 | 2.05 || 4.128e-05 | 2.05 || 2.964e-06 | 1.89
Scaled mixed method, n odd, discrete norm (midpoint rule)
21 || 1.553e-03 | 0.50 || 5.136e-03 | 0.39 || 2.691e-02 | 0.52
41 || 9.191e-04 | 0.78 || 2.912e-03 | 0.85 || 1.917e-02 | 0.51
81 || 4.900e-04 | 0.92 || 1.473e-03 | 1.00 || 1.361e-02 | 0.50
161 || 2.512e-04 | 0.97 || 7.263e-04 | 1.03 || 9.647e-03 | 0.50
Scaled mixed method, n odd, interior
21 || 9.126e-03 | 0.68 || 2.502e-02 | 0.68 || 3.016e-02 | 0.74
41 || 4.983e-03 | 0.90 || 1.367e-02 | 0.90 || 1.658e-02 | 0.89
81 || 2.572e-03 | 0.97 || 7.052e-03 | 0.97 || 8.670e-03 | 0.95
161 || 1.304e-03 | 0.99 || 3.576e-03 | 0.99 || 4.431e-03 | 0.98

resolve, but the computed and closed form solutions agree quite well.

The convergence results for the potentials and velocities are given in Tables 8.5
and 8.6. We give only results for the scaled method, since the mass lumped ap-
proximation gives nearly identical results. We expect convergence only while the
approximate true solution is adequate. Indeed, we see some degradation of the results
as n becomes too fine. The potentials converge to O(h); however, the discrete norm
does not display superconvergence for this test problem (however, the errors are much
smaller, as can be seen in Table 8.5). The rates of convergence for the velocities are
at least O(h), and may approach O(h?) before the grid becomes too fine.

8.3. Condition number as positive ¢ tends to zero. We now turn our at-
tention to the nondegenerate problem, so that we can solve the system of equations
using all four of our mixed finite element formulations: the standard, expanded, sym-
metric, and scaled formulations. We consider the same three nonconstant porosities
(8.9)—(8.11), but add a small positive constant ¢. > 0 to each. In this test we take
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TABLE 8.4
Discontinuous porosity velocity errors. Relative L? errors and convergence rates for the
velocities. We show results for the scaled mized method and the mass lumped approximation using
(7.2). When n is even, the discontinuity is at a computational mesh point, but not when n is odd.

vf U Vs
n || L? error ‘ rate || L? error ‘ rate || L? error ‘ rate
Scaled mixed method, n even
10 || 7.364e-03 | — 1.700e-04 | — 1.700e-04 | —
20 || 2.929e-03 | 1.33 || 4.714e-05 | 1.85 || 4.714e-05 | 1.85
40 || 1.116e-03 | 1.39 || 1.213e-05 | 1.96 || 1.213e-05 | 1.96
80 || 4.120e-04 | 1.44 || 3.090e-06 | 1.97 || 3.090e-06 | 1.97
160 || 1.491e-04 | 1.47 || 7.850e-07 | 1.98 || 7.850e-07 | 1.98
Mass lumped method, n even
10 || 5.608e-03 | — 2.341e-04 | — 2.341e-04 | —
20 || 1.695e-03 | 1.73 || 7.076e-05 | 1.73 || 7.076e-05 | 1.73
40 || 4.499e-04 | 1.91 || 1.878e-05 | 1.91 || 1.878e-05 | 1.91
80 || 1.143e-04 | 1.98 || 4.770e-06 | 1.98 || 4.770e-06 | 1.98
160 || 2.869e-05 | 1.99 || 1.197e-06 | 1.99 || 1.197e-06 | 1.99
Scaled mixed method, n odd
11 || 4.417e-03 | — 2.027e-04 | — 2.027e-04 | —
21 || 2.027e-03 | 1.20 || 9.004e-05 | 1.25 || 9.004e-05 | 1.25
41 || 1.055e-03 | 0.98 || 4.524e-05 | 1.03 || 4.524e-05 | 1.03
81 || 5.614e-04 | 0.93 || 2.368e-05 | 0.95 || 2.368e-05 | 0.95
161 || 2.925e-04 | 0.95 || 1.227e-05 | 0.96 || 1.227e-05 | 0.96
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Fic. 8.3. Quadratic porosity (8.11) with ¢+ = 0.001. The computed solution as thick dashed
lines, and the closed form solution as thin, solid dark lines. Shown are the porosity ¢ (phi), u,
vs = —u, qf, and qs, as well as the scaled v and qy.

¢ — 07 and observe the condition number of the linear system that is solved by each
formulation.

In Fig. 8.4 we show a graph of the results of one of the porosity functions (all
three show nearly identical behavior). The condition number of each method increases
rapidly as ¢. — 0 with the exception of the scaled method, which remains stable.
Indeed, as we saw in the previous section, the scaled method works well even when
the porosity is identically zero in parts of the domain.
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TABLE 8.5
Quadratic porosity potential errors. Relative L2 errors and convergence rates for the
potentials for the scaled mized method, including two cases using the discrete L?-norm given by
using the midpoint rule. When n is even, the transition to positive porosity is at a computational

mesh point, but not when n is odd.

ar qr q
n || L? error ‘ rate || L? error | rate L? error | rate
Scaled mixed method, n even
20 || 5.326e-03 | 1.01 || 3.037e-02 | 1.01 || 3.490e-02 | 1.00
40 || 2.656e-03 | 1.00 || 1.520e-02 | 1.00 || 1.747e-02 | 1.00
80 || 1.329e-03 | 1.00 || 7.667e-03 | 0.99 || 8.768e-03 | 0.99
160 || 6.675e-04 | 0.99 || 3.963e-03 | 0.95 || 4.457e-03 | 0.98
Scaled mixed method, n odd

21 || 5.070e-03 | 1.01 || 2.893e-02 | 1.01 || 3.324e-02 | 1.00
41 || 2.592e-03 | 1.00 || 1.484e-02 | 1.00 || 1.704e-02 | 1.00
81 || 1.313e-03 | 1.00 || 7.575e-03 | 0.99 || 8.660e-03 | 0.99
161 || 6.634e-04 | 0.99 || 3.940e-03 | 0.95 || 4.430e-03 | 0.98

Scaled mixed method, n even, discrete norm (midpoint rule)
20 || 2.649e-04 | 0.65 || 1.979e-03 | 0.57 || 7.769e-04 | -0.27
40 || 1.236e-04 | 1.10 || 1.243e-03 | 0.67 || 8.537e-04 | -0.14
80 || 7.927e-05 | 0.64 || 1.135e-03 | 0.13 || 8.961e-04 | -0.07
160 || 7.481e-05 | 0.08 || 1.152e-03 | -0.02 || 9.191e-04 | -0.04

Scaled mixed method, n odd, discrete norm (midpoint rule)
21 || 2.524e-04 | 0.68 || 1.886e-03 | 0.64 || 7.529e-04 | -0.32
41 || 1.204e-04 | 1.11 || 1.215e-03 | 0.66 || 8.390e-04 | -0.16
81 || 7.903e-05 | 0.62 || 1.125e-03 | 0.11 || 8.880e-04 | -0.08
161 || 7.481e-05 | 0.08 || 1.147e-03 | -0.03 || 9.148e-04 | -0.04

TABLE 8.6

Quadratic porosity velocity errors. Relative L? errors and convergence rates for the ve-
locities for the scaled mized method. When n is even, the transition to positive porosity is at a

computational mesh point, but not when n is odd.

v u Vs

n L? error ‘ rate L? error | rate L? error | rate
Scaled mixed method, n even

20 || 3.663e-04 | 1.23 || 1.546e-06 | 1.14 || 1.546e-06 | 1.14

40 || 1.166e-04 | 1.65 || 5.104e-07 | 1.60 || 5.104e-07 | 1.60

80 || 3.252e-05 | 1.84 || 1.429e-07 | 1.84 || 1.429e-07 | 1.84

160 || 1.079e-05 | 1.59 || 4.342e-08 | 1.72 || 4.342e-08 | 1.72
Scaled mixed method, n odd

21 || 3.408e-04 | 1.27 || 1.444e-06 | 1.19 || 1.444e-06 | 1.19

41 || 1.115e-04 | 1.67 || 4.886e-07 | 1.62 || 4.886e-07 | 1.62

81 || 3.179e-05 | 1.84 || 1.397e-07 | 1.84 || 1.397e-07 | 1.84

161 || 1.071e-05 | 1.58 || 4.304e-08 | 1.71 || 4.304e-08 | 1.71

9. Numerical Results in Two Dimensions. In this section we present nu-
merical results for the mass lumped approximation of the scaled mixed method (6.2)—
(6.5), (7.2). We use the TH spaces for the Stokes part of the system and the deal.Il
software library [11]. We choose a two-dimensional problem related to simulation of
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condition number

L
107 107 10° 10°

1ige
Fic. 8.4. Compacting column. Condition numbers for the standard, expanded, symmetric, and
scaled formulations as ¢ — 0, for the porosities defined in (8.9)—(8.11) plus ¢e.

-7.36E+08 -5.90E+08 -4.44E+08 -2.98E+08 -1.51E+08

Fic. 9.1. MOR-like example with zero porosity. We show the solid matriz potential qs as a
contour in Kg/(m-s2) and the velocity vs as streamlines.

the mantle near a mid-ocean ridge (MOR).

If porosity is constant, ¢ = ¢, and one sets V-u =V - v, =0, then (1.1)—(1.5)
can be solved in an infinite quarter-plane {z > 0,z > 0} [37]. This problem describes
viscous corner flow if, at the top of the mantle {z = 0}, one sets the MOR spreading
rate as a boundary condition v, -7 = v, - X = Uy, and on the ridge axis {x = 0}, one
sets the symmetry condition vy - v = vy -2 =0 and 0vs/0z = 0. The solution is

4psU,
0= 0= = (=00 (g Il ©0.)
_ 20 (tan”!(a/2) (2% + 2%) — w2
v m< e ). 9.2)
_ koL —0)dg**% p  Aulo ¢ 222
o Kt : {7T(9L‘2 +22)2 (22 - :c2> + prg}. (9.3)

We solve the full system of equations (i.e., the unmodified (1.1)—(1.5)) on a rect-
angular domain {(z, z) : —160km < = < 160km,0 < z < 160km}. The MOR is at
(0,0). We take the physical quantities defined in Table 2.1, using a permeability of
1078m?, © = 0, and Uy = 1072 m/s = 3.1536 cm/yr. We use boundary conditions de-
fined by the corner flow problem. We impose the nonhomogeneous essential boundary
condition defined by (9.2) on the Stokes velocity v, and the nonhomogeneous natural
boundary condition defined by (9.1) on the potential ¢ = ¢5. However, to avoid the
singularity at the corner, we translate x to x — ¢ when z < 0 and  + ¢ when =z > 0
before evaluating (9.1)—(9.2), where £ = 20km. We use a mesh of 160 x 80 elements.

In Fig. 9.1 we show the Stokes solution using ¢ = 0. Note that the mantle flows
up to the MOR and outward from there. There is no melt in this computation,
although our code solves for the Darcy system as well as the Stokes system. Rather
than normalizing the average of ¢ to zero, we set a single point to zero.
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FiGc. 9.2. MOR-like example. We show the porosity and the solutions (vs,qs) to the Stokes
system, (Vr,qy) to the scaled Darcy system, and (u,qy) to the Darcy system. The porosity and
potentials in Kg/(m-s?) are shown as contours, the relative velocity V. as arrows, and the other
velocities as streamlines.

We then set a nonvanishing porosity by the formula

120km—z>2(1 ||
120 km z 4+
0 otherwise,

0.05( g) if 2 < 120km and |z < 2z + £,

P(x,z) = (9.4)

where we took ¢ = 20 km.

In Fig. 9.2, we show the porosity and the solutions (v, ¢s) to the Stokes system,
(Vr,§y) to the scaled Darcy system, and (u,qy) to the Darcy system. The form of
the solution is dictated by our (arbitrary) choice of ¢. The scaled and unscaled Darcy
solution shows fluid melt rising and focusing into the MOR, and some melt leaving
the domain to form new crust. The Stokes solution varies significantly from the case
in Fig. 9.1 where there is no melt. The solid matrix rises at the bottom, but it falls
at the top near the MOR to compensate for the rise of fluid melt to the surface. We
note that the scaled potential G¢ is much smoother than gs. The porosity vanishes
in a significant portion of the domain; nevertheless, there is no difficulty solving the
system accurately.

10. Conclusions. We developed a mathematically well-posed, mixed variational
framework for McKenzie’s equations governing the mechanics of a mixture of molten
and solid materials [29], assuming that the porosity ¢ is given and satisfies the hy-
pothesis (4.7). Our formulation handles the regions where there are two phases (i.e.,
the mixture variable ¢ > 0) as well as the mathematically degenerate regions where
there is only the single solid matrix phase (i.e., ¢ = 0). The formulation is based
on a careful scaling of the Darcy variables by powers of the porosity [5]. We also
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discussed three other standard formulations, but ¢ must be positive simply for these
formulations to be well-defined.

We defined a mixed finite element method (MFEM) based on our scaled varia-
tional formulation and proved its stability and optimal order convergence. We also
presented a modification that is locally mass conservative, and a modification involv-
ing mass lumping (7.2) to simplify and increase solver efficiency of the implementation
on rectangular meshes.

Numerical results of a one-dimensional compacting column with various porosity
functions showed an excellent match to the closed form solutions for ¢g and ¢j, as
well as a good match to the approximate solution for ¢5. Degeneracies in the porosity
posed no difficulties for the simulations; in fact, the condition number of the linear
system is nearly insensitive to degeneracies in ¢. The results showed that the method
indeed achieves optimal convergence and that the mass lumping approximation does
not degrade the results in any way.

The nondegenerate constant porosity example showed O(h) convergence for the
potentials and superconvergence of order O(h?) when measured in the discrete mid-
point rule norm. The velocity achieved the optimal O(h?) convergence for this one-
dimensional problem. The degenerate, quadratic porosity example also showed op-
timal O(h) convergence of the potentials and perhaps O(h?) convergence of the ve-
locities, regardless of whether the computational mesh resolved the point where ¢
transitions from zero to positive.

The degenerate and discontinuous porosity example had an interesting set of
results. Even though the porosity does not satisfy (4.7), the MFEM achieved good,
but not necessarily optimal, convergence in all cases. When the computational mesh
resolved the transition point of ¢, we saw O(h) convergence for the potentials and
superconvergence of order O(h?) when measured in the discrete midpoint rule norm.
We also saw O(h3/2) convergence for o, and O(h?) convergence for u and v,. The
mass lumped approximation actually improved the convergence to O(h?) for all three
velocities. However, when the computational mesh did not resolve the transition point
in ¢, we saw O(h) convergence for the potentials 5 and gy, but only O(h!/?) for q.
The discrete norm did not help, but we did verify that the main errors were localized
to a region near ¢, the transition point, since removing the error there led to O(h)
convergence for all three potentials. The velocities converged to order O(h). This
example suggests that the condition (4.7) may not be strictly necessary.

In the full model of mantle dynamics, the porosity evolves and so must be approx-
imated. In a finite element or discontinuous Galerkin method, one would naturally
approximate ¢ by continuous or discontinuous polynomials on each element of the
computational mesh. Any jumps in the porosity will then naturally lie on the bound-
aries of the elements, and so we would expect our method to perform well.

A two-dimensional test example akin to a mid ocean ridge showed the strong
effect that melt can have on the velocity field. Even though the porosity vanished
in much of the domain, our locally conservative scaled finite element method showed
good results. Using the mass lumped approximation, the method easily reduces to
a single Stokes system with two potentials, and the efficiency of the linear solver is
fairly insensitive to the absence of melt. We believe that our method is highly suited
to realistic problems of the mechanics of mantle dynamics, and that it can be used
effectively as a component of the full mantle dynamics problem.
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